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Outline

* Singularity in nonlinear wave solution

where 04 ¢ diverge,
effective description breaks down,
theory should be replaced

(: essentially review)  Babichev 1602.00735

* Theory without singularity in the solution
Mukohyama, Namba, YW 1605.06418




Scalar theories

 Simplest models of Inflation: scalar theories

1
eg. I=[d'xy=g LX) X =—>9g"0,43,¢
3 Dirac-Born-Infeld theory [OWENergy  prane

L($, X)pp1 = —f (@)1 —2Xf () — V()

e Consider I = [ d™x L(X) : shift sym. ¢ — ¢ + const.

on a fixed Minkowski background (for simplicity)



Equation of Motion (EoM)

EoM

(_LXgMV +£XX(3“¢5V¢)auav¢ =0 «— | = fd"x L(X)
(1+1 dim.) planarsym. ¢ = ¢(t,x) | t=¢, Y=o

(AT + 2Bt +Cy' =0 A, B, C: functions of T,
Tl v-y=0 B2 — AC >0

 (sound speed)? > 0
Take linear combination to align differential directions

o (0 +840)T+ 850 +E40)x =0 $+ = $4+(1, 1)

(t,x) » (04,0_) s.t. g, (0¢ + £40,) : characteristic directions



Interpretation of characteristics: 095, < (0; + §+0y)

 Suppose we can consider background & perturbation:
¢ =¢+5¢
i.e. time & length scales of 8¢ are shorter than those of ¢
Linear EOM  A8¢ + 2B8¢p’ + C8¢p" = 0 W =Sk
o Aw? — 2Bk 4 k2 ~ 0 — ¢,: phase velocity

(— sound cone)
of perturbation

* Infact, ¢, : relativistic additions of background-fluid velocity
v =0%p/0'¢ & sound speed of perturbation +c,



° ° 1 2 2
Back to nonlinear analysis X=-@"—x )

EoM - 05, T+¢&50, x =0 vV =)/t
B - r 1/2
— X
Analytically integrable along a(,i Cs = (ﬁx n ZXLXX)
dX 1+ v I} : integration constants
1 =TI, (0%
- fXCS(X) L 1N 1 —p i(0-+)
Integral curves along d,, in 7-x plain T

e.g.for LX) =X +%X2 -

. independent of solutions in t-x plain



Solutions in t-x plain  Courant & Friedrichs (1948)

1. Steady state: T
Both 7 & y are constant (trivial)

2. Simple wave:

Whose image in -y plain lies entirely
on one of the integration curves

l.e. T & y depends on only one of g

3. General wave

Whose image in -y plain does not
entirely lie on the integration curves




Simple wave solution (easily constructed)
T & y change only along (e.g.) 0, , T

constant along 0,

* Choose an integration curve in T-y plain, X

define o_ dependence on the curve
of Tory
- &y = ¢4 (0_) is determined

* Integrating d,,  (0; + §4+0,) gives
a solution in t-x plain (= right moving)




Divergence of 0%¢

Now &4 = &4 (0_), two right-going - .
curves in t-x plain intersect.

Each curve carry different constant
valuesof 7, y = 0¢.

— At the intersection, 0%¢ diverge and ¢ isn’t
single valued. ..Effective description by the
theory breaks down, the theory should be

t

replaced to describe motions after that.



This divergence is generic  Babichev 1602.00735

* The divergence does not happen
onlyifd, &, = 0.

EOM: 9,7 + &30, x =0

Choose an integration curve in T-y plain
which is linear, fine-tuning initial condition
as (0¢)* =0

* The divergence is not cured by higher-dim. ¢
(Horndeski) terms yielding 2"9-order EoM

* Notdivergeonly L(X) =X7? (&4 = +1)



All theories without the singularity

Mukohyama, Namba, YW 1605.06418

J5-$+ = 0 < There exists a (const.)

s.t. the integration curves in -y plain
along characteristics, dt + ¢,.dy = 0

be linear: T = ay + b for any b (const.).

— ¢4 > ¢(X) is determined
1

1
(InLy)x = 7% (CZ(X)

L(X) =X or — (const. V1 — 2X
up to const. and rescaling of ¢

1) ¢

T o.of
05

11



Conclusion

e We cansolve £L = L((0¢)?) on a fixed Minkowski background
by (1+1)-dim. nonlinear wave solutions where

d¢ is constant along a family of characteristics

 Without fine-tuning initial conditions, characteristics intersect
— 0%¢ diverge and ¢ isn’t single valued. Effective description
by the theory breaks down, the theory should be replaced.

This behavior does not change by adding higher-dim. (Horndeski)
terms yielding 2"9-order EoM.

 We've found all the theories without the singularity
in the solution: canonical scalar and Dirac-Born-Infeld theory



