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INTRODUCTION
The direct-summation of N gravitational forces is a complex problem for which

there is no analytical solution. Dense stellar systems such as galactic nuclei and stellar
clusters are the loci of di↵erent interesting problems. In this work we present a new
GPU, direct-summation N�body integrator written from scratch and based on the
Hermite scheme. The first release of the code consists of the Hermite
integrator for a system of N bodies with softening. We find an ac-
celeration factor of about ⇡ 90 of the GPU version in a single node
as compared to the Serial-Single-CPU one. We additionally investigate the
impact of using softening in the dynamics of a dense cluster. We study how it a↵ects
the two body relaxation, as compared with another code, Nbody6, which uses KS
regularization, so as to understand the role of softening in the evolution of the system.
This initial release is the first step towards more and more realistic
scenarios, starting for a proper treatment for binary evolution, close
encounters and the role of a massive black hole.

SECTION 1
To numerically integrate the system of equations we adopt the widely known 4th-
order Hermite integrator (H4 henceforth) presented in ? (and see also ??), which is a
scheme based on a predictor-corrector scenario, in other words, the extrapolation and
interpolation of the equations of motion. An advantage of the choice for H4 is that we
can use the family of Aarseth’s codes as a test for our implementation.
Code structure: We present here the
structure of our new N�body code de-
veloped purely in C/C++, using
CUDA/MPI/OpenMP for paralleliza-
tion. One of the main concerns of Gravidy
is to treat our N�body code as a piece of
Software, being write using an “Iterative and
incremental development”, which is a soft-
ware development methodology similar to the
development APOD cycle ? (Assess, Parallelize,
Optimize and Deploy).

SECTION 2
We present in this section a number of tests
to measure the performance and the accu-
racy of Gravidy using di↵erent amount
of particles. The specs of the host com-
puter are summarized in table 1. (⌘ factor
for integration precision; ✏ for the soften-
ing; NBU; N�body Units)

CPU Intel(R) Xeon(R) CPU X5650 @ 2.67GHz (24 cores)
GPU Tesla M2050 @ 575 Mhz (448 cores).
RAM 24 GB
OS Scientific Linux release 6.4

Table 1: Details of the hardware and software en-
vironment of the host computer (Cluster node at
AEI).

Figure 1: Cumulative energy error up to t = 1 NBU
as a function of ⌘. All the plots represent Plummer
spheres with di↵erent amount of particles.

Figure 2: Clock time up to t = 1 NBU as a func-
tion of ⌘. All the plots represent Plummer spheres
with di↵erent amount of particles.

r = a(1 � e cos u) , (1)
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• Bayesian sampling for parameter extraction is expensive: several 10^6 samples - limitation 
so far to inspiral and/or Fisher matrix

• Impact of merger/ringdown, higher modes, spins, precession, instrument design ?

• Available fast FD IMR waveform models: aligned spins (SEOBNRv2 ROM, PhenomD), 
precession (PhenomP, NR surrogate), compact FD amplitude/phase representation

• Fourier-domain response of the instrument for IMR waveforms ?

Modeling waveforms from precessing binaries

• Precessing waveform as a frame rotation of non-precessing waveform

• Fourier-domain transposition: beyond the inspiral, extension to merger-ringdown ?

(e)LISA prospective parameter estimation



Delayed and modulated signals
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(e)LISA response

Frame rotation for precessing waveforms hI
`m “

ÿ

m1
D` ˚

m1mp↵,�, �q hP
`m1

• Inertial-frame hI obtained as a rotation of a precessing-frame hP

• Approximate hP as a non-precessing waveform (SpinTaylorF2, PhenomP, SEOBNR inspiral)
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All of the above scientific objectives can be addressed by a 
single L-class mission consisting of 3 drag-free spacecraft 
forming a triangular constellation with arm lengths of one 
million km and laser interferometry between “free-falling” 
test masses. The interferometers measure the variations in 
light travel time along the arms due to the tidal deforma-
tion of spacetime by gravitational waves. Compared to the 
Earth-based gravitational wave observatories like LIGO 
and VIRGO, eLISA addresses the much richer frequency 
range between 0.1 mHz and 1 Hz, which is inaccessible on 
Earth due to arm length limitations and terrestrial gravity 
gradient noise.
The Next Gravitational wave Observatory (NGO) mission 
studied for the L1 selection [15] is an eLISA strawman mis-
sion concept. It enables the ambitious science program de-
scribed here, and has been evaluated by ESA as both tech-
nically feasible and compatible with the L2 cost target. Its 
foundation is mature and solid, based on decades of devel-
opment for LISA, including a mission formulation study, 
and the extensive heritage of flight hardware and ground 
preparation for the upcoming LISA Pathfinder geodesic 
explorer mission, which will directly test most of the eLI-
SA performance and validate the eLISA instrumental noise 
model [144–145].

Mission design
The NGO mission has three spacecraft, one ‘mother’ at the 
vertex and two ‘daughters’ at the ends, which form a single 
Michelson interferometer configuration (Figure 9). The 
spacecraft follow independent heliocentric orbits without 
any station-keeping and form a nearly equilateral triangle 
in a plane that is inclined by 60° to the ecliptic. The con-
stellation follows the Earth at a distance between 10° and 

30°, as shown in Figure 10. Celestial mechanics causes the 
triangle to rotate almost rigidly about its centre as it orbits 
around the sun, with variations of arm length and opening 
angle at the percent level.
The payload consists of four identical units, two on the 
mother spacecraft and one on each daughter spacecraft 
(Figure 11). Each unit contains a Gravitational Reference 
Sensor (GRS) with an embedded free-falling test mass that 
acts both as the end point of the optical length measure-
ment, and as a geodesic reference test particle. A telescope 
with 20 cm diameter transmits light from a 2 W laser at 
1064 nm along the arm and also receives a small fraction 
of the light sent from the far spacecraft. Laser interferom-
etry is performed on an optical bench placed between the 
telescope and the GRS.
On the optical bench, the received light from the distant 
spacecraft is interfered with the local laser source to pro-

)LJXUH����H/,6$�FRQ̧JXUDWLRQ��QRW�WR�VFDOH�� One mother and two daugh-
ter spacecraft exchanging laser light form a two-arm Michelson interfer-
QOGVGT��6JGTG�CTG�HQWT�KFGPVKECN�RC[NQCFU��QPG�CV�VJG�GPF�QH�GCEJ�CTO��CU�
UJQYP�KP�(KIWTG����

Figure 10: eLISA Orbits. The three eLISA-NGO spacecraft follow the Earth 
CU�CP�CNOQUV�UVKHH�VTKCPING��RWTGN[�FWG�VQ�EGNGUVKCN�OGEJCPKEU��

Figure 11: eLISA payload.�'CEJ�RC[NQCF�WPKV�EQPVCKPU�C���šEO�VGNGUEQRG��
VJG�VGUV�OCUU�GPENQUGF�KPUKFG�VJG�)TCXKVCVKQPCN�4GHGTGPEG�5GPUQT�
)45��
CPF�CP�QRVKECN�DGPEJ�JQUVKPI�VJG�KPVGTHGTQOGVGTU��
#WZKNKCT[�TGHGTGPEG�KP-
VGTHGTQOGVGT�QOKVVGF�HQT�ENCTKV[��UGGš=��?�HQT�FGVCKNU��
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k̂

R “

Precessional timescale Waveform timescale

yslr “ �lpts ´ k̂ ¨ psq ´ �lptr ´ k̂ ¨ prq
�l “ 1

2

1

1 ´ k̂ ¨ nl

nl ¨ hTT ¨ nl

Instrument timescale (1yr) Waveform timescale

Frequency observables:
y “ �⌫{⌫

hF , d

hF

FTrF ptqhpt ` dptqqs Ø h̃pfq, F ptq, dptq

FTrF ptqhptqs Ø h̃pfq, F ptq
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Delays and modulations in Fourier domain
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A general view

The leading order approximation

sptq “ F ptqhpt ` dptqq

Convolution with frequency-dependent kernel

Separation of timescales: if F, d have 
only frequencies <<f, local 

convolution - expand h(f-f ’) in f ’ 

Keeping linear term in the phase:

tf ” ´ 1

2⇡

d 

df

h̃pfq “ Apfqe´i pfq

s̃pfq “ Hpfqh̃pfq

G̃pf, f 1q “
ª
dt e2i⇡f

1te´2i⇡fdptqF ptq

s̃pfq “
ª
df 1 h̃pf ´ f 1qG̃pf ´ f 1, f 1q

Hpfq “ Gpf, tf q
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Higher-order corrections

Amplitude:

Frequency-dependence:

Hpfq “
ÿ 1

p!

ˆ
i

8⇡2

d2 

df2

˙p

B2p
t Gpf, tf q

Hpfq “
ÿ 1

p2i⇡qpp!
1

A

dpA

dfp
Bp
tGpf, tf q

Hpfq “
ÿ 1

p2i⇡qpp!B
p
fBp

tGpf, tf q

Delays and modulations in Fourier domain

Phase (quadratic term):

Separation of timescales

(e)LISA: Precessing binaries: G “ F ptq
BtG „ 2⇡f0G B2

tF „ ⌦2
prec „ 2PN

s̃pfq “ Hpfqh̃pfq

d2 

df2
„ T 2

RR „ ´2.5PNf0 “ 1{yr “ 3.10´8Hz ! f

Leading order: Hpfq “ Gpf, tf q

+ Merger-ringdown ?
Inspiral:



Application to the (e)LISA response
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Magnitude of corrections

Example of errors

• Amplitude corrections

• Phase corrections

• High frequency:
    

BtBfG „ R2ff0{c2 „ 10´1 at 1Hz

† 10´3

† 10´3

• TD response tested against SynthLISA

• Typical errors 10´3

M “ 2 ˆ 106Md, q “ 3



Implementation
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Accelerated no-noise overlaps
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Performances

• Fourier-domain IMR sparse amplitude/
phase waveforms (ROM) (w/o 21,33,44,55 
modes)

• Accelerated overlaps for amplitude/phase 
(no noise)

Likelihood 
cost Single mode 5 modes

Lin. overlaps ~10ms ~50ms

Acc. overlaps ~1ms ~10ms

Example of oscillatory integrand

ph1|h2q “ 4Re

ª
df

h̃1pfqh̃˚
2 pfq

Snpfq

ª fi`1

fi

P pfqeiraf`bf2s
ª fi`1

fi

eiraf`bf2s

•  Amplitude/phase: splines on ~200 intervals

• Cost increases when including HM
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Precessing waveforms: frame evolution
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Frame trajectory

Pre- and post-merger frame: toy model

PN

Ext.

• PN dynamics:

• Extracting frame from the waveform (IMR)
     [O’Shaughnessy&al 2011]

•  Approximate behaviour post-merger:
q “ 3

�1 “ p0.5, 0, 0q
�2 “ 0

[O’Shaughnessy&al 2012]

[SXS catalog]

hI
`m “

ÿ

m1
D` ˚

m1mp↵,�, �q hP
`m1

[Smoothness assumption]

II

I

Zframe “ L̂

⌦frame „ !QNM
220 ´ !QNM

210



Relation to previous works
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SPA/SUA Fourier domain approach

tf : !ptf q “ ⇡f tf “ ´ 1

2⇡

d 

df
(SPA) (IMR)

Tf “ 1a
2 9!ptf q Rad. Reac. (SUA) (IMR)T 2

f “ 1

4⇡2

ˇ̌
ˇ̌d

2 

df2

ˇ̌
ˇ̌

s̃pfq “ h̃pfq
ÿ p´iqp

2pp!
T 2p
f B2p

t F (SUA) s̃pfq “ h̃pfq
ÿ p´iqp

2pp!
T 2p
f B2p

t F Taylor FD
Quad. phase

s̃pfq “ h̃pfq
ÿ

akF ptf ˘ kTf q (Resum.)

•  Higher-order amplitude corrections

•  Local convolution approach for post-merger
dpA{dfp

s̃pfq “ ˜hpfq
ª
dt exp

«
´ i

2

ˆ
t ´ tf
Tf

˙2
�
F ptq

•  Leading order (different MR) [SpinTaylorF2, PhenomP]

•  Quadratic phase (SUA) [Klein&al 2014]
Previous works:

New corrections:
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hP
22 Ñ hI

21

hP
22 Ñ hI

22 hP
22 Ñ hI

21

Case I

Case II

Example: q “ 3, �1 “ p´0.3, 0.5, 0.7q, �2 “ p0.3,´0.2,´0.5q
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Precession: errors - case I
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Precession: errors - case II
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Amplitude relative to h22P Phase difference

hP
22 Ñ hI

22

hP
22 Ñ hI

21
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Precession: mismatches
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[Preliminary]
[Broader exploration of parameter space needed]
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◆ “ ⇡{2



Summary
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• Fourier-domain processing through the response of the instrument using t(f) 
correspondence

• Higher-order corrections available

• Applicable to all FD IMR waveform models: aligned spins (SEOBNRv2, PhenomD), 
precession (PhenomP), compact FD amplitude/phase representation

• Implementation using accelerated no-noise overlaps: few ms/likelihood

• Ongoing and future exploration: impact of MR, HM, spins and of instrument design

Modeling waveforms from precessing binaries

• Formally recover and extend previous results on FD frame rotation

• Inclusion of FD amplitude corrections, direct convolution approach for post-merger

• ‘Mild’ frame rotation: captured by amplitude corrections

• ‘Fast’ frame rotation: requires direct convolution

• New corrections are local to MR, and mostly in amplitude — small mismatches !

• More systematic exploration of parameter space is needed

(e)LISA prospective parameter estimation





Example: sky position degeneracies

SNR 20

Parameters:
(artificially distant)
m1 “ 1.5 ˆ 106Md
m2 “ 0.5 ˆ 106Md
◆ “ ⇡{3

DL “ 2036Gpc (SNR 20)

DL “ 203.6Gpc (SNR 200)



Example: sky position degeneracies

Parameters:
(artificially distant)

SNR 200

m1 “ 1.5 ˆ 106Md
m2 “ 0.5 ˆ 106Md
◆ “ ⇡{3

DL “ 2036Gpc (SNR 20)

DL “ 203.6Gpc (SNR 200)
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TD comparison to 2nd peak

FD comparison to 2nd peak

t (s)t (s)t (s)

f (Hz)f (Hz)

Amplitude Phase



FD transfer functions for different modes
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T p1q
A “ 1

2⇡

1

A

dA

df
T p2q
A “

d
1

4⇡2

1

A

d2A

df2

Tf “
d

1

4⇡2

ˇ̌
ˇ̌d

2 

df2

ˇ̌
ˇ̌


