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Introduction

o General Relativity has passed all tests successfully (even in the strong regime), so 
why bother?

o Many physical concepts left unexplained by GR:

• Dark energy 

• Dark matter

• Quantum Field Theory etc.

o Scalar-tensor theories show interesting behaviour: e.g. spontaneous scalarization
(see Damour and Esposito-Farèse 1993).

o Adding the potential to these theories allows a larger range for the parameters.   
(see F. M. Ramazanoğlu and F. Pretorius 2016).
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Action for the scalar tensor theory with a potential in the Einstein frame:

𝑆 =
1

16𝜋𝐺
න𝑑𝑥4 − ҧ𝑔 ത𝑅 − 2 ҧ𝑔𝜇ν 𝜕𝜇𝜑 𝜕ν𝜑 − 4𝑊 𝜑 + 𝑆𝑚 𝜓𝑚,

ҧ𝑔𝜇ν

𝐹 𝜑

𝑔𝛼𝛽 =
1

𝐹
ҧ𝑔𝛼𝛽

Energy-momentum tensor:

ത𝑇𝛼𝛽 ≡
2

− ҧ𝑔

𝛿𝑆𝑚
𝛿 ҧ𝑔𝛼𝛽

≡
1

𝐹3
𝑇𝛼𝛽

Coupling function:
𝐹 = 𝑒−2𝛼0𝜑−𝛽0𝜑
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Formalism 1
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Formalism 2
Tensor equations in the Jordan frame are:

𝐺𝛼𝛽 =
8𝜋

𝐹
𝑇𝛼𝛽
𝐹 + 𝑇𝛼𝛽

𝜙
+ 𝑇𝛼𝛽 ,

𝑇𝛼𝛽
𝐹 =

1

8𝜋
𝛻𝛼𝛻𝛽𝐹 − 𝑔𝛼𝛽𝛻

𝜇𝛻𝜇𝐹 ,

𝑇𝛼𝛽
𝜙
= 𝜕𝛼𝜙𝜕𝛽𝜙 − 𝑔𝛼𝛽

1

2
𝑔𝜇ν𝜕𝜇𝜙𝜕ν𝜙 + 𝑉 𝜙 ,

𝛻𝜇𝛻𝜇𝜙 = −
1

16𝜋
𝐹,𝜙𝑅 + 𝑉,𝜙.

Where the potential is represented by:

𝑉 𝜙 =
𝐹2

4𝜋
𝑊 𝜑

and

𝜕𝜑

𝜕𝜙
=

3

4

𝐹,𝜙
2

𝐹2
+
4𝜋

𝐹

Radial gauge, polar sclicing in the Einstein 
frame:

𝒅𝒔𝟐 = −ഥ𝑵𝟐𝒅𝒕𝟐 + ഥ𝑨𝟐𝒅𝒓𝟐 + 𝒓𝟐 𝒅𝜴𝟐

= −𝜶𝟐𝒅𝒕𝟐 + 𝑿𝟐𝒅𝒓𝟐 +
𝒓𝟐

𝑭
𝒅𝜴𝟐
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Constraints

Solar system and binary pulsar 1-σ
constraints for 𝛼0 and 𝛽0

(from P. C. C. Freire et al. 2012).

Massless case:

𝛼0 ≲ 10−3 and 𝛽0 ≳ −4.5

Massive case:

3 ≲ −𝛽0 ≲ 103

For a potential

𝑊 =
𝑚𝜑

2𝜑2

2
In order to get spontaneous scalarization, the 
mass parameter should take the following values 
values:

10−16𝑒𝑉 ≲ 𝑚𝜑 ≲ 10−9𝑒𝑉

(see F. M. Ramazanoğlu and F. Pretorius 2016)
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Static case

𝜕𝑟𝑋 =
4𝜋𝑟𝑋3

𝐹
𝜌ℎ − 𝑃 +

𝑟𝑋3𝜂2

2
−
𝑋3𝐹

2𝑟
+
𝑋

2𝑟
−
𝐹,𝜑𝑋

2𝜂

2𝐹
+ 𝑋3𝐹𝑊𝑟,

𝜕𝑟𝜂 = −
3𝜂

2𝑟
−
2𝜋𝑋𝐹,𝜑

𝐹2
𝜌ℎ − 4𝑃 −

𝑋2𝜂𝐹

2𝑟
−
4𝜋𝑟𝑋2𝜂𝜋𝑃

𝐹
−
𝑋2𝜂3𝑟

2
+
𝐹,𝜑𝑋𝜂

2

2𝐹
+ 𝑋2𝜂𝐹𝑊𝑟 + 𝑋𝐹𝑊𝐹,𝜑,

𝜕𝑟𝛼

𝛼
=
𝐹𝑋2 − 1

2𝑟
+
4𝜋𝑟𝑋2

𝐹
+
𝑟𝑋2𝜂2

2
−𝑊𝑟𝑋2𝐹,

𝜕𝑟𝜑 = 𝑋𝜂,

𝜕𝑟𝑃 = −𝜌ℎ𝐹𝑋2
1

2𝑟
1 −

1

𝐹𝑋2 + 4𝜋𝑟
𝑃

𝐹2
+

𝑟

2𝐹
𝜂2 − 𝑟𝑊 + 𝜌ℎ

𝐹,𝜑

2𝐹
𝑋𝜂.

A relaxation code is used to 
solve these .
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Dynamic case

For full evolution equations: please see D. Gerosa et al. 2016 (arXiv:1602.06952).
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𝐌𝐞𝐭𝐫𝐢𝐜 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧𝐬:
𝜕𝑟𝛼

𝛼
= 𝐹𝑋2

𝑟

2
1 −

1

𝐹𝑋2 + 4𝜋𝑟 ҧ𝑆𝑟𝑣 +
𝑃

𝐹2
+

𝑟

2𝐹
𝜂2 + 𝜓2 −

𝐹,𝜑

2𝐹
𝜂𝑋 −𝑊𝑟𝑋2𝐹

𝜕𝑟𝑋

𝑋
= 4𝜋𝑟𝐹𝑋2 ҧ𝜏 + ഥ𝐷 +

𝑟𝑋2

2
𝜂2 + 𝜓2 −

1

2𝑟
𝐹𝑋2 − 1 −

𝐹,𝜑

2𝐹
𝜂𝑋 +𝑊𝑟𝑋2𝐹

𝜕𝑡𝑋

𝑋
= 𝑟𝑋𝛼 𝜂𝜓 − 4𝜋𝐹 ҧ𝑆𝑟 +

𝐹,𝜑

𝐹

𝐌𝐚𝐭𝐭𝐞𝐫 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧𝐬: 𝜕𝑡ഥ𝐷 +
1

𝐹𝑟2
𝜕𝑟 𝑟2

𝛼

𝑋
𝐹𝑓ഥ𝐷 = 𝑠ഥ𝐷

𝜕𝑡 ҧ𝑆𝑟 +
1

𝑟2
𝜕𝑟 𝑟2

𝛼

𝑋
𝑓 ҧ𝑆𝑟 = 𝑠 ҧ𝑆𝑟

𝜕𝑡 ҧ𝜏 +
1

𝑟2
𝜕𝑟 𝑟2

𝛼

𝑋
𝑓ത𝜏 = 𝑠ത𝜏

𝐖𝐚𝐯𝐞 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧:

𝜕𝑡𝜕𝑡𝜑 =
𝛼2

𝑋2 𝜕𝑟𝜕𝑟𝜑 +
2

𝑟
𝜕𝑟𝜑 +

𝜕𝑟𝛼

𝛼
−
𝜕𝑟𝑋

𝑋
𝜕𝑟𝜑

+
𝜕𝑡𝛼

𝛼
−
𝜕𝑡𝑋

𝑋
𝜕𝑡𝜑 + 2π𝛼2 ҧ𝜏 − ҧ𝑆𝑟𝑣 + ഥ𝐷 − 3

𝑃

𝐹2
𝐹,𝜑

− 𝛼2F𝑊,𝜑

𝜕𝑟𝜑 = 𝑋𝜂
𝜕𝑡𝜑 = 𝛼𝜓

𝒔ഥ𝑫 → 𝒔ഥ𝑫

𝒔ഥ𝑺𝒓 → 𝒔ഥ𝑺𝒓 −𝑾 𝒓𝜶𝑿𝑭 ഥ𝑺𝒓𝒗 − ത𝝉 − ഥ𝑫 + 𝒓𝜶𝑿
𝑷

𝑭
𝒔ത𝝉 → 𝒔ത𝝉
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Thank you for your attention!!!
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