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prologue(
•  100#yrs#of#General#Rela/vity#so#far.#A#very#successful#gravita/onal#

theory#built#from#fundamental#principles#and#described#in#
geometrical#terms#&#governed#by#a#complex#PDE#system#

•  Despite#its#complicated#character;#powerful#geometrical#analysis#led#
to#extrac/ng#deep#results#like#establishing#singularity#theorems,#
deriving#geometric#inequali/es,#assessing#asympto/c#structures,#etc.#

•  Specific#solu/ons#found#in#very#special#situa/ons#(under#various#
assump/ons)#&#much#progress#on#linearized#solu/ons#off#these.#

•  The#above#(while#in#a#sense#incomplete)#has#played#a#key#role#in#
many#applica/ons#(e.g.#astrophysics#&#cosmology)#



•  Exci/ng#opportuni/es#to#test#a#s/ll#enigma/c#theory#and#hopefully#
lead#the#way#to#its#replacement.#What/where/how#test#it?#
–  It#should#break#but#where#&#how?#(what#is#DE#implying?).##
–  S/ll#much#to#understand#wrt#to#stability#of#relevant#(?)#solu/ons#
–  Cosmic#censorship?#BH#forma/on#&#approach#to#singulari/es#
–  Observa/onal#surprises#need#not#hint#of#physics#beyond#GR#
–  Need(to(‘stress7test’(the(theory(&(understand(possible(outcomes(

Efforts(along(these(fronts(will(be(fundamentally(influenced(by(the(
understanding(of(dynamical(solns;(which(in(turn(requires((in(part(or(
whole)(numerical(studies(

•  E.g.#recent#gains:#
– Cri/cal#phenomena#in#GR#(and#in#arbitrary#dims)#
– 2Zbody#problem#
–  (in)stability#&#final#fate#of#different#solu/ons#
– Explora/ons#in#cosmology#



Stress7tesEng(the(theory,(where?(
•  Some(we(know:##linear#analysis#reveals#growing#
modes#(e.g.#superradiance,#GregoryZLaflamme#
instability)#or##infinite#blueshi\ing#of#perturba/ons#
(CH#instability)#

•  Some(we(suspect:#no#decay#(or#too#slow#decay)#at#
linear#order:#e.g.#instability#of#pure#AdS#(weak#
turbulence)#

•  Some(are(more(obscure:#‘good’#decay#at#linear#order#
but#there#might#be#reasons#to#suspect#possible#
departures#at#nonlinear#levels#(turbulence)#



Outline((some(examples)(

•  Superradiance#
•  Black#holes#&#cosmic#censorship#

•  AdS#(in)stability?#

•  Turbulence#in#gravity#

In(the(above(list,(moEvaEons(and(intuiEon(come(from((and(
goes(to)(several(different(direcEons:([holography,(dualiEes,(
analogies,(etc](
Also,(even(when(the(‘final(desEnaEon’(might(be(known((or(
guessed),(it(is(interesEng(to(uncover(the(path(to(get(there(



Background(&(perturbaEons(

•  ##



Superradiance(

•  Sca_ering#bosonic#fields#can#extract#energy#from#rota/ng#or#
charged#black#holes#thus#increasing#their#amplitude.#If#reflected,#
the#process#repeats#!#exponen/al#growth.#

•  Process#called#for#in#astrophysical#and#holographic#applica/ons.#
And#can#play#a#significant#role#in#equilibrium#ques/ons.#

•  For#gravita/onal#perturba/ons,#linear#analysis#implies#a#very#slow#
growth#rate#and#non#restric/ve#symmetries.#Charged#scalar#fields#
however#grow#faster#and#can#be#studied#in#spherical#symmetry.#
Instability#if#:#ω R#< q#Q##

[Sanchis7Gual,Degollado(+(‘16(
Bosch7Gomez,Green,LL(’16(]#



Results((in(AdS)(
•  For#small#enough#q,#below#superradiance#regime,#perturba/on#

decays#with#QNM#spectra#(as#computed#by#UchikataZYoshida#’11.)#

•  As#q#increases,#superZradiance#‘kicks#in’#and,#and#ini/al#growth#rate#
agrees#with#QNM#calcula/on.#Then#nonZlinear#behavior#sets#in.#



Mode#picture#helps#to#understand#what#is#going#on#

•  Final#solu/on#is#a#BH#with#scalar#wig#(that#
might#be#quite#far#out).#Such#solu/ons#were#
known#&#speculated#to#be#the#end#state#[Basu
+#’10,#Dias+#’12]#but#could#not#say#how#the#
system#would#get#to#a#par/cular#one#



•  How#much#can#this#say#about#the#general#case?#

– Mode#behaviour#picture#would#s/ll#apply,#however#a#key#
difference#is:##instability#in#charged#case:##

• ω R#< q#Q###.vs.#ω R#< m#Ω.  

–  If#a#given#m(drops#from#unstable#branch,#coupling#to#higher#m’s#
will#render#others#unstable.((
•  End(state(in(AF?(There(is(no(natural(reflecEng(scenario(
•  End(state(in(AdS?(Perhaps(there(is(not(a(staEonary(one([Dias7Horowitz7Santos(

‘12].(Though…#what#if#there#is#a#non7linear#process#by#which#energy#can#
not#be#or#is#only#selec/vely#transferred#to#higher#m’s#?#

–  Incipient#efforts#to#study#superradiant#systems#[EastZRamazanogluZ

Pretorius#‘14];#though#not#yet#within#a#reflec/ng#cavity#(in#AF#or#
AdS)#



Cosmic#censorship?#
•  Cri/cal#solu/on#(all#d’s).#Spherical#symmetry#&#finely#tuned#

•  Not#‘that#special’#behavior.#Collapse#with#angular#momentum#!#
ang.#momentum#‘shed#more#rapidly’#from#origin#&#BH#forms#nonZ
spinning#[GundlachZBaumgarte#‘16]#

•  Black#string#in#d=5#dimension#with#one#compac/fied#[LLZPretorius#‘10]#

•  AF#ultraZspinning#black#holes!#

[Figueras,Kunesh,Tunyasuvunakool#in#prep]#



Ads#(in)#stability#
•  Conjecture:#AdS#is#unstable#[Dafermos,#Anderson#‘06]#

•  For#simplicity,#BizonZRostworowski#considered#a#scalar#field#
minimally#coupled#to#gravity#(also#[DiasZHorowitzZSantos]).#Linearized#
perturba/ons#of#AdS:#normal#modes#&#conmensurate#spectra:#
–  ‘borderline#stable’#,#i.e.#nonZlineari/es#could#push#it#over#the#edge#
–  mul/ple#resonances#!KAM#theory#Z>#energy#cascade#&#ergodic#behavior#

–  Different#ID#has#quite#different#behavior,#even#some#stable#solu/ons#

–  Mathema/cally:#it’s#(very#likely)#unstable.#Holographically:#thermaliza/on?##

[BizonZRostworowski]# [Buchel,LL,Liebling]#



Further(tensions(&(parEal(resoluEon((I)(

•  ##



Tensions(and(parEal(resoluEons((II)#

•  Further,#quasiZperiodic#solu/ons#can#be#found#[Maliborksi+,#Buchel+]#

•  &#a#FloquetZtype#analysis#reveals#such#solu/ons#are#stable.#
Furthermore,#oscilla/ons#around#such#solu/ons#give#a#consistent#
picture#of#recurrence#/mes#[Green,Maillard,LL,Liebling##‘15]#

Open#qns:##
•  Academic:#how#about#a#theorem?###

–  Weak#turbulence#arguments?##[FreivogelZYang],##Curvature#role?#[DiasZSantosZMarolf]#

•  Prac/cal:##Holographic#tension?#
– small#black#holes#require#correc/ons,#but#GaussZBonnet#exhibits#
similar#‘stability’/instability#behavior#[Kunsta_erZDeppe,Buchel+].#
However#GB#has#a#massZgap#and#a#‘stringy’#ball#would#likely#be#
encountered#

Math7>perturbaEons7>NR7>perturbaEons7>….(



But(is(this(all?(
•  I.e.(is(any(suprising(behavior(restricted(to(what(
linearly(‘unstable’(scenarios(might(sugest?#

•  Is#gravity#(at#least#in#d=3+1)#as#described#in#GR#
‘so#tame’#in#spite#of#its#highly#complex#
underlying#model?#

•  S/ll#much#intui/on#lacking…#What#lamp#posts#
can#we#think#of#that#might#help#as#guide?#

[GW151226]#



AdS/CFT…(
•  The#AdS/CFT#correspondence#relates#a#dZdimensional#QFT#

with#a#(d+1)−dimensional#gravity.##

–  Any#gravita/onal#phenomena#should#have#an#equivalent#CFT#
analog,#and(vice7versa.#

–  A#natural#arena#to#study#field#theory#open#ques/ons:#transport#
proper/es#in#strongly#coupled#field#theories,#quantum#quenches,#
thermaliza/on,#etc.##

–  Plenty#of#applica/ons.#Most#of#which#in#equilibrium#situa/ons#and#
in#the#probe#limit#(phase#space#analysis)#(e.g.#CMT#applica/ons)##

–  From##gravity#standpoint:#‘Hydrodynamiza/on’/equilibra/on#o\en#
inferred#through#quasiZnormal#decay#

–  A#route#to#quantum#gravity#

–  BUT#CFT!#hydrodynamics#(!#AdS/hydro)…#and#the#la_er#can#go#
turbulent,#can#gravity#do#that?!#

[Image:#J.#Santos]#



‘Turbulence’#in#gravity?#
•  Perhaps#it#doesn’t#…#(arguments#against#it,#mainly#in#4d)#

–  Perturba/on#theory##(e.g.#QNMs,#no#tail#followed#by#QNM)#

–  Numerical#simula/ons#(e.g.#‘scale’#bounded)#

–  (hydro#develops#shocks/turbulence,#GR#does#not#develop#shocks)#
•  Perhaps#it#does…#

–  AdS/CFT#<Z>#AdS/Hydro#(!#turbulence?!#[Van#Raamsdonk#08]#)#
–  Applicable#if#LT#>>#1#!#L#(ρ/ν)#>>#1#!#L#(ρ/ν)##v#=#Re#>>#1#
–  (membrane#paradigm?)#

•  !##(par/al)#List#of#ques/ons…#
•  Tension#in#the#correspondence#or#gravity?#
•  Reconcile#with#QNMs#expecta/on?#(and#perturba/on#theory?)#

•  Does#it#have#similar#proper/es?#
• What’s#the#analogue#`gravita/onal’#Reynolds#number?#



Turbulence((in(hydrodynamics)(
some(would(say:(“that(phenomena(you(know(is(there(when(you(see(it’’(

For#NavierZStokes#(incompressible#case):(
•  Breaks#symmetry#(recovered#only#in#a#‘sta/s/cal#sense’)#

•  Exponen/al#growth#of#(some)#modes#[not#linearlyZstable]#

•  Global#norm#(nonZdriven#system):#Exponen/al#decay#
possibly#followed#by#power#law,#then#another#exponen/al#

•  Energy#cascade#(direct#d>3,#inverse/direct(d=2)#
•  Occurring#if#Reynolds#number#is#sufficiently#high#

•  E(k)#~#kZp###(5/3#and#3#for#2+1)###

•  Correla/ons:#<#v(r)3#>#~#r##(#but#{Zr,#r3}#in#2+1)#



•  ##

[Carrasco,LL,Myers,Reula,Singh#‘13]#



##



Bulk#&#boundary#
GW#‘vor/city’#plays#a#key#role.#It#is#encoded#everywhere!#

•  (AdamsZCheslerZLiu):#Pontryagin#density:#Rabcd#*Rabcd#~ω2#
•  (ElingZOz):##Im(Ψ2)#~#T#ω

•  (Green,Carrasco,LL):#(Ψ1(~(T3(ω((;(Ψ3(~(T(ω((;(Ψ4(~(i(ω/T((

•  Structure:#(geonZlike)#gravita/onal#wave#‘tornadoes’#



Bulk#&#holographic#calcula/on#

[Adams,Chesler,Liu.#‘14]# [Green,Carrasco,LL,#‘13]#



Global(AdS(

[we’ll(come(back(to(this](



Some#observa/ons#
•  ##



•  From#a#hydro#standpoint:#geometriza/on#of#
hydrodynamics#in#general#and#turbulence#in#par/cular:#
– Provides#a#new#angle#to#the#problem,#it#could#be#exploited#to#
define#scalings/Reynolds#number#in#rela/vis/c#hydro#case,#etc.#
Answer#long#standing#ques/ons#from#a#different#direc/on.((

– What(mediates(vorEces(merging/splijng(in(2(vs(3(spaEal(
dims?(

– Can(we(predict(global(solns(on(hydro(from(geometry(
consideraEons?((e.g.(Oz7Rabinovich(’11)(

– However,(to(actually(do(this(we(need(to(understand(things(from(
a(purely(gravitaEonal(standpoint.(

• Can(we(interpret(how(turbulence(arises(within(GR?(
• How(‘generic’(is(this(behavior?(
• What(else(do(we(get?(.e.g.(correlaEons(in(the(spaceEme?(



On(to(the(‘real(world’(
•  Ul/mately#what#triggered#turbulence?#

–  AdS#‘trapping#energy’#!#slowly#decaying#QNMs#&#turbulence#

–  Or#slowly#decaying#QNMs#!#/me#for#nonZlineari/es#to#``do#something’’?#

•  In#AF#space/mes,#membrane#paradigm!#*However*(this#is#delicate.#
Let’s#try#something#else,#taking#though#a#page#from#what#we#learnt#
from#fluids.#

•  First,#recall#the#behavior#of#parametric#oscillators:#
–  q,_##+#ω2#(1#+#f(t)#)#q#+#γ q,t#=#0#

–  Soln#is#generically#bounded#in#/me#*except*#when#f(t)#oscillates#
approximately#with#ω’#~#2ω.##[#e.g.#f(t)#=#fo#cos(ω’#t)#]#.#If#so,#an#unbounded#
solu/on#is#triggered#behaving#as#eαt##with#α#=#(#fo2#ω2/16#–#(ω’Zω)2#)1/2Z#γ

[YangZZimmerman,LL#‘14]#



Take(a(Kerr(BH(

•  ##



•  As#a#simplifica/on,#consider#a#single#mode#for#h1#and#
we’ll#take#only#a#scalar#perturba/on#(the#general#case#is#
similar).#One#obtains:###

#######################[#Boxkerr + Ο(h1)##]#Φ =#0.##

•  !#if#Φ has#l,#m/2##!#a#parametric#instability#can#turn#on;##
i.e.#inverse#cascade.#Subject#to#‘cri/cal#values’#for#growth#
onset.#

Reg#=#ho/(m#ων) #

•  iden/fy#λ<�> 1/m#;#v#<Z>#ho#;#η/ρ <Z>#ων 

                               ◊ Reg#=#Re###



CriEcal(``Reynolds’’(number(&(instability(

a(=(0.998,(perturbaEon(~(0.02%,(iniEal(mode(l=2,m2(

Could(‘potenEally’(have(observaEonal(consequences((especially(if(
‘gargantua’(exists(beyond(Hollywood).(Signal(is(different(from(that(
expected(at(the(linear(level(



more(general?(
Tantalizingly….#ho#~#κp##[Hadar,Porfyaridis,Strominger],#but#also#ων  ◊ 
instability#s/ll#possible#beyond#high#spin#case!#

Carrying#this#further,#perhaps#this#gives#an#‘alterna/ve#
explana/on’#to:#

•  Reg#~## κp#/(m## κp) ∼ # 1/m#+#correcEons(





observaEons(
Summary:#

– Gravity#does#go#turbulent#in#the#right#regime,#and#a#
gravita/onal#analog#of#the#Reynolds#number#can#be#
defined#

– AdS#is#‘convenient’#but#not#necessary#
– Some#possible#observable#consequences#

– ‘geometriza/on’#of#turbulence#is#exci/ng/intriguing,#
what#else#lies#ahead?#

– Role#as#a#cosmic#censor?#
– Fractal#behavior#of#horizon?#
– Where/What(else?(



Final(words(
•  Only##covered#a#(small)#subset#of#efforts.#In#addi/on,#(a#
s/ll#very#par/al#list#of#efforts#in)#nonZlinear#&#dynamical#
studies#of#gravity#are#reaching#into:#
–  RandallZSundrum#scenarios#[WangZChoptuik#‘16]#

–  Role#of#nonZlinear#gravity#in#cosmology#[Wainright#+’13Z14,#East#+#‘15,Ben/vegna#+#
‘15,#…]#

–  Black#hole#evapora/on#[Ashtekar##+10,#Chesler#+#‘11]#
–  SelfZforce#as#cosmic#censorship#in#d=4#[Colleoni#+#’15]#

–  Holographic#applica/ons#[Chesler+,Heller+,Van#der#Schee+,Murata+,Rozalli+,Mas+,#….]#

–  Incipient#efforts#in#alterna/ve#theories#of#gravity#

Incipiently,(non7linear(analysis((analyEcal(PDE,(higher(order(pert(
theory(and(numerical(simulaEons)(is(giving(us(an(inside/detailed(look(
at(the(behavior(of(GR(in(nonlinear/dynamical(scenarios,(and(at(100(
y.o.(GR(is(sEll(very(young(at(its(core!(


