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Entanglement entropy

Subject: Time evolution of entanglement entropy

Choice of State Choice of Subsystem:
A and B

\ /

Entanglement entropy:

Sa(t) := Sa([¥(1)))

created by Lidia del Rio

Lucas Hackl Entanglement spread at Instabilities July 14, 2016 1/11



Subsystems in QFTs

Choices of a subsystem for a QFT with (&(x), #(x)):
@ Spatial region A C ¥7
We can't split Hilbert space as >

Horr = Ha® Hp, B

because Fock space is non-local. @

[Reeh, Schlieder]

o “Detector”
Subsystem with finite Ny DOFs

D

with weight functions Q; and P;,
such that [§;, pj] = idj;.
[Balachandran et al ]
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Entanglement production at Instabilities

Instabilities lead to linear entanglement production:

¢

.
\/ _— —
& — /
(1) Systems with Instabilies (2) Gaussian initial state
= Lyapunov exponents \; = squeezed coherent |(, g)

\ /

Linear entanglement production
SA(t) ~ Aat

0 2 4 6 8 10 12 14
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(1) Classical instabilities

Instability = Sensitivity to initial conditions:
Initial deviation dp grows exponentially to d; = dg e

potential energy 50
, P

Lyaponov exponents A
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(1) Classical instabilities

Instability = Sensitivity to initial conditions:
Initial deviation dp grows exponentially to d; = dg e

potential energy 50'
, P

Lyaponov exponents A

phase space\
Uncertainty grows with Kolmogorov-Sinai entropy rate: Sks = >_).~0 A
July 14, 2016 4/11

Lucas Hackl Entanglement spread at Instabilities



(1) Instabilities in QFTs

Let us consider a scalar quantum field on homogeneous slice ¥.

Two examples of instabilities are:

o Upside-down potential (Inflation)
Scalar field coupled to inflating FLRW

a//
Xk + (k2 + m?a%(n) — (77)) Xk =0

a(n)

negative for some modes

= Mode asymptotics: xx(n) ~ ™.

e Parametric resonance (Preheating)
Scalar field coupled to inflaton field ¢

bk + <k2 + m>2< + g%0? sinz(mt)) k=0

resonant for some modes

= Mode asymptotics: @i (n) ~ e*+t

Vi)

[Allahverdi, Brandenberger, Cyr-Racine, Mazumdar]
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(1) Our model systems

System (N DOFs):
Quantum system on linear phase space We recover the full QFT
£ = (pi,m) €V = R2N in the limit N — oo.
= (pi, ] =

with symplectic form €.

Subsystems (Ns and Ng DOFs):

. . o N4 stays fixed, while
We consider Hilbert space decompositions

Ng — o0, when taking the
H=Ha®Hp limit N — oco. Subsystem is
well defined, even if there is

induced by phasespace splitting V =A& B
no tensor product structure.

into symplectic subspaces A and B.

Time evolution:

. o Example:
Quadrat|c1Ham|Iton|an (can depend on t) Upside-down & Resonance
H(t) - Eh(t)ab fafb V(" l | |

induces Hamiltonian flow M(t):V — V.
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(2) Gaussian initial states

Gaussian (= squeezed coherent) states |, g) can be characterized by

@ Expectation value (peak) g

ce

¢? = (€2) nase
e Correlation metric (spread) DN

e - ¢
gab — l( £a7£b > _ Cacb /
3({€. €} - —

Complex structure: J = Qg

Entanglement entropy for symplectic subsystem A C V

Restricting complex structure [J]a to subsystem A gives:

S4(1¢.8)) = Tr (11—2U1A> o5 L= i

Note: This is the same complex structure J that one uses in QFT in
curved spacetime to choose a Fock space representation by decomposing
fields into positive and negative frequency modes.
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Linear entanglement production theorem

Unstable quadratic Hamiltonians 4+ Gaussian initial state imply:
2N,
SA(t) ~ Nyt with Ay = Z Ai (largest 2N4 Lyaponov exponents ;)
i=1
Proof in [Bianchi, LH, Yokomizo], related work by [Berenstein, Asplund]

25F ~
A e
2ol A P
————— Aat -~
15- A /// ///
/// ///NAZQ
10} - -
5 ///://’//—_’,—"NA’:I—
0f==" . 1s
0 2 4 6 8 10
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Sketch of the proof

Step 1: Geometric entanglement entropy
For highly entangled systems, we find the asymptotics

SA(I¢. g)) ~ log Volg(Da),

where we take a Darboux region D4 C A with symplectic volume 1 and
compute its metric volume with respect to g (restricted to A).

p;
! Subsystem A C V

Volq(Da) = 1 (symplectic volume)
Da Volg (Da) > 1 (metric volume)
qi
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Sketch of the proof

Step 2: Exponential stretching at Instabilities
We can compute the classical solution as symplectic flow M(t): V — V.

The entanglement entropy of the time evolved Gaussian states |(;, g¢) is

2N,y
SA(t) ~ log Volg,(Da) = log Volg, (M Z At
e/\lt
"4 "4
Hamiltonian flow
M(t)
— M(t)D
DA ACV
e/\gt
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Summary

Entropy of a “Detector” probing N, degrees of freedom

Unstable quadratic Hamiltonians + squeezed coherent initial state imply:

2N,

Sa(t) ~Nat with Ax= Z Ai (largest 2N Lyaponov exponents ;)

i=1

Important properties:
o Rate is independent of initial state |(p, go)
@ Rate only depends on the dimension dim A = 2Ny of subsystem
@ Lyapunov exponents come in opposite pairs (Aj = —Aoy_it1):
AMZ 2 A 202> A > 2> oy
@ Upper bound for all initial states

Connection to Kolmogorov-Sinai:
This is equal to the Kolmogorov-Sinai entropy Sks = ) <o Ai for

sufficiently large Na, where N4 is the number of DOFs of the detector.
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\begin{frame}[t]{Entanglement entropy}
\textbf{Subject: Time evolution of entanglement entropy}
	\begin{center}
		\begin{tikzpicture}
		\draw[->] (-3,0) node[above]{$|\psi(t)\rangle\in\mathcal{H}$} -- (-1,-1);
		\draw (-3,0.5) node[above]{Choice of State:};
		\draw (3,0.38) node[above]{Choice of Subsystem:};
		\draw[->] (3,0) node[above]{$A$ and $B$} -- (1,-1);
		\draw (0,-1) node[below]{Entanglement entropy:};
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		\draw (0,-4.2) node{\includegraphics[height=3.6cm]{figures/coffee_entanglement}};
		\draw[->,thick] (-0.9,-5.3) -- (0.7,-5.3);
		\draw (-0.1,-5.3) node[above]{$t$};
		\draw (-2.4,-3.75) node[scale=0.7]{$A$};
		\draw (-2.7,-2.9) node[scale=0.7]{$B$};
		\draw (1.5,-3.75) node[scale=0.7]{$A$};
		\draw (1.2,-2.9) node[scale=0.7]{$B$};
		\end{tikzpicture}
	\end{center}
\end{frame}

\begin{frame}[t]{Subsystems in QFTs}
Choices of a subsystem for a QFT with $\big(\hat{\varphi}(x),\hat{\pi}(x)\big)$:
\begin{itemize}
	\item \textbf{Spatial region $A\subset\Sigma$? \onslide<2->{\color{red}$\Rightarrow$ Not our choice.\color{black}}}\\
	We can't split Hilbert space as\vspace{-2mm}
	\begin{align*}
		\mathcal{H}_{\text{QFT}}=\mathcal{H}_{A}\otimes\mathcal{H}_{B}\,,
	\end{align*}
	\vspace{-7mm}\\
	because Fock space is \textit{non-local}.\\
	\color{green}[Reeh, Schlieder]\color{black}
	\item \textbf{``Detector'' \onslide<3->{\color{red}$\Rightarrow$ Our choice.\color{black}}}\\
	Subsystem with finite $N_A$ DOFs\vspace{-2mm}
	\color{orange}
	\begin{align*}
	\hat{q}_i&=\int Q_i(x)\,\hat{\varphi}\,d^3x\\
	\hat{p}_j&=\int P_j(x)\,\hat{\pi}\,d^3x
	\end{align*}
	\color{black}
	\vspace{-6mm}\\
	with weight functions $Q_i$ and $P_i$,\\such that $[\hat{q}_i,\hat{p}_j]=i\delta_{ij}$.\\
	\color{green}[Balachandran et al.]\color{black}
\end{itemize}
		\begin{textblock*}{8cm}(7cm,2.2cm) % {block width} (coords)
			\begin{tikzpicture}
			\draw[thick] (0,0) -- (3,0) -- (4.7,1.7) node[right]{$\Sigma$} -- (1.7,1.7) -- cycle;
			\draw[red,thick] (1.7,.6) node{$A$} ellipse (.7cm and 0.4cm);
			\draw (3,1.1) node{$B$};
			\end{tikzpicture}
			\vspace{13mm}\\
			\begin{tikzpicture}
			\draw[thick] (0,0) -- (3,0) -- (4.7,1.7) node[right]{$\Sigma$} -- (1.7,1.7) -- cycle;
			\draw[red,thick] (1.7,.6) node{$A$} ellipse (.7cm and 0.4cm);
			\draw[thick,->,orange] (.5,-1) node[right]{support of $Q_i$ and $P_j$} -- (1,.3);
			\end{tikzpicture}
		\end{textblock*}
\end{frame}

\begin{frame}[t]{Entanglement production at Instabilities}
	Instabilities lead to linear entanglement production:
	\vspace{-0.1cm}
	\begin{center}
		\begin{tikzpicture}
		\draw[->,opacity=0.7] (-3,-.5) node[above]{$\Rightarrow$ Lyapunov exponents $\lambda_i$} -- (-1,-1);
		\draw (3,1.4) node{\includegraphics[height=1.6cm]{figures/Gaussian2}};
		\draw (-3,1.4) node{\includegraphics[height=1.6cm]{figures/instability2}};
		\draw (-3,0) node[above]{\textbf{(1) Systems with Instabilies}};
		\draw (3,0) node[above]{\textbf{(2) Gaussian initial state}};
		\draw[->,opacity=0.7] (3.25,-.5) node[above]{$\Rightarrow$ squeezed coherent $|\zeta,g\rangle$} -- (1,-1);
		\draw (0,-1) node[below]{\textbf{Linear entanglement production}};
		\draw (0,-1.5) node[below]{$S^A(t)\sim \Lambda_A\,t$};
		\draw (0,-3.8) node{\includegraphics[height=3cm]{figures/linear-production}};
		\draw (-.4,-3.4) node[oorange]{$S^A(t)$};
		%\draw (0,-4.2) node{\includegraphics[height=3.6cm]{figures/coffee_entanglement}};
		%		\draw[->,thick] (-0.9,-5.3) -- (0.7,-5.3);
		%		\draw (-0.1,-5.3) node[above]{$t$};
		%		\draw (-2.4,-3.75) node[scale=0.7]{$A$};
		%		\draw (-2.7,-2.9) node[scale=0.7]{$B$};
		%		\draw (1.5,-3.75) node[scale=0.7]{$A$};
		%		\draw (1.2,-2.9) node[scale=0.7]{$B$};
		\end{tikzpicture}
	\end{center}
\end{frame}

\begin{frame}[t]{(1) Classical instabilities}
	\vspace{-0.7cm}
	\begin{center}
		\begin{tikzpicture}
		\draw (0,0) node{\includegraphics[height=8cm]{figures/ClassicalChaos}};
		\draw[<->] (-0.7,1.9) -- (-0.3,2.1);
		\draw (-0.6,2) node[above,scale=1.2]{$\delta_0$};
		\draw[<->] (1,-2.4) -- (2.2,-1.45);
		\draw (2.9,-2.2) node[scale=1.2]{$\delta_t=\delta_0\,e^{\lambda t}$};
		\draw (3.3,1.5) node{Lyaponov exponents $\lambda$};
		\draw[->,thick] (-5.37,-2.25) -- (-5.37,2) node[above,scale=0.7]{potential energy};
		\draw (-5.1,-2.6) node[right,scale=0.7]{phase space};
		\draw[red,thick,scale=2,->] (2.6,-0.98) -- (2.75,-1.01);
		\draw[red,thick,scale=2,->] (0.585,-1.31) -- (0.64,-1.37);
		\draw (-6,3.8) node[right]{Instability = Sensitivity to initial conditions:};
		\draw (-6,3.3) node[right]{Initial deviation $\delta_0$ grows exponentially to $\delta_t=\delta_0\,e^{\lambda t}$};
		\onslide<2>{\draw[green] (-6,-3.4) node[right]{Uncertainty grows with  Kolmogorov-Sinai entropy rate: $S_{KS}=\sum_{\lambda_i>0} \lambda_i$};}
		\end{tikzpicture}
	\end{center}
\end{frame}

\begin{frame}[t]{(1) Instabilities in QFTs}
Let us consider a scalar quantum field on homogeneous slice $\Sigma$.\\
Two examples of instabilities are:
\begin{itemize}
	\item \textbf{Upside-down potential (Inflation)}\\
	Scalar field coupled to inflating FLRW\vspace{-2mm}
	\begin{align*}
		\ddot{\chi}_k+\underbrace{\left(k^2+m^2a^2(\eta)-\frac{a''(\eta)}{a(\eta)}\right)}_{\text{negative for some modes}}\chi_k=0
	\end{align*}
	\vspace{-4mm}\\
	$\Rightarrow$ Mode asymptotics: $\chi_k(\eta)\sim e^{\pm\lambda\eta}$.
	\item \textbf{Parametric resonance (Preheating)}\\
	Scalar field coupled to inflaton field $\Phi$\vspace{-2mm}
	\begin{align*}
		\ddot{\varphi}_k+\underbrace{\left(k^2+m_\chi^2+g^2\Phi^2\sin^2(mt)\right)}_{\text{resonant for some modes}}\varphi_k=0
	\end{align*}
	\vspace{-4mm}\\
	$\Rightarrow$ Mode asymptotics: $\varphi_k(\eta)\sim e^{\pm\mu t}$
\end{itemize}
\color{green}[Allahverdi, Brandenberger, Cyr-Racine, Mazumdar]\color{black}
		\begin{textblock*}{7cm}(8.2cm,2.8cm) % {block width} (coords)
			\begin{tikzpicture}
			\draw (0,0) node{\includegraphics[height=2.4cm]{figures/1-upsidedown}};
			\draw[->,red,thick] (.8,.5) -- (.8,-.5);
			\draw (-1.3,.4) node[blue]{$V(\chi)$};
			\draw (0,-3.2) node{\includegraphics[height=2.4cm]{figures/2-parametric}};
			\draw[<->,red,thick] (.5,-3.2) -- (.8,-3.3);
			\draw (-1.3,-3) node[blue]{$V(\chi)$};
			\end{tikzpicture}
		\end{textblock*}
\end{frame}


\begin{frame}[t]{(1) Our model systems}
	\vspace{-3mm}
\begin{columns}[T] % align columns
	\begin{column}{.01\textwidth}
	\end{column}
	\begin{column}{.6\textwidth}
		\textbf{System ($N$ DOFs):}\\
		Quantum system on linear phase space \vspace{-2mm}
		\begin{align*}
		\xi^a=(\varphi_i,\pi_j)\in V=\mathbb{R}^{2N}
		\end{align*}
		\vspace{-6mm}\\
		with symplectic form $\Omega$.
		\vspace{2mm}\\
		\textbf{Subsystems ($N_A$ and $N_B$ DOFs):}\\
		We consider Hilbert space decompositions
		\vspace{-2mm}
		\begin{align*}
		\mathcal{H}=\mathcal{H}_A\otimes\mathcal{H}_B
		\end{align*}
		\vspace{-7mm}\\
		induced by phasespace splitting $V=A\oplus B$\\
		into symplectic subspaces $A$ and $B$.
		\vspace{2mm}\\
		\textbf{Time evolution:}\\
		Quadratic Hamiltonian (can depend on $t$)
		\vspace{-2mm}
		\begin{align*}
		H(t)=\frac{1}{2}h(t)_{ab}\,\xi^a\xi^b
		\end{align*}
		\vspace{-6mm}\\
		induces Hamiltonian flow $\color{red}M(t)\color{black}: V\to V$.
	\end{column}%
	\hfill%
	\begin{column}{.4\textwidth}
		\vspace{5mm}
		\color{blue}
		We recover the full QFT\\
		in the limit $N\to\infty$.
			\vspace{13mm}\\
		$N_A$ stays fixed, while $N_B\to\infty$, when taking the limit $N\to\infty$. Subsystem is well defined, even if there is no tensor product structure.
		\vspace{6mm}\\
			\textit{Example:}\\
			Upside-down \& Resonance
			\begin{tikzpicture}
				\begin{scope}[scale=.5]
					\draw (0,0) node{\includegraphics[height=1.2cm]{figures/1-upsidedown}};
					\draw[->,red] (.8,.5) -- (.8,-.5);
					\draw (-1.3,.4) node[blue,scale=.5]{$V(\chi)$};
				\end{scope}
				\begin{scope}[scale=.5,yshift=3.2cm,xshift=5cm]
					\draw (0,-3.2) node{\includegraphics[height=1.2cm]{figures/2-parametric}};
					\draw[<->,red] (.4,-3) -- (.9,-3.4);
					\draw (-1.3,-3) node[blue,scale=.5]{$V(\chi)$};
				\end{scope}
ope			\end{tikzpicture}
			\end{column}%
		\end{columns}
\end{frame}

%\begin{frame}[t]{(1) Systems with Instabilities}
%Consider $N$ degrees of freedom $\xi^a=(\varphi_i,\pi_i)$
%\begin{itemize}
%	\item Linear phase space $V=\mathbb{R}^{2N}$\\
%	 with symplectic form $\Omega$
%	\item Quadratic Hamiltonian
%	\begin{align*}
%		H(t)=\frac{1}{2}h(t)_{ab}\xi^a\xi^b
%	\end{align*}
%	\item Hamiltonian equations of motion
%	\begin{align*}
%		\dot{\xi}^a(t)=\Omega^{ab}h(t)_{bc}\xi^c(t)
%	\end{align*}
%	\item Solution leads to symplectic flow
%	\begin{align*}
%		M(t): V\to V: \xi(0)\mapsto \xi(t)=M(t)\xi(0)
%	\end{align*}
%\end{itemize}
%\end{frame}


%\begin{frame}[t]{(1) Systems with Instabilities}
%Instability = Sensitivity to initial conditions\\
%Initial deviation $\delta_0$ grows exponentially to $\delta_t=\delta_0\,e^{\lambda t}$
%\begin{center}
%	\begin{tikzpicture}[scale=0.6]
%	\draw (0,-0.13) node{\includegraphics[height=3.3cm]{figures/ClassicalChaos2}};
%	\draw[<->] (-0.7,1.9) -- (-0.3,2.1);
%	\draw (-0.6,2) node[above,scale=0.9]{$\delta_0$};
%	\draw[<->] (1,-2.4) -- (2.2,-1.45);
%	\draw (2.9,-2.2) node[scale=0.9]{$\delta_t=\delta_0\,e^{\lambda t}$};
%	\draw (3.3,1.5) node{Lyaponov exponents $\lambda$};
%	\draw[->,thick] (-5.37,-2.25) -- (-5.37,2) node[above,scale=0.7]{potential energy};
%	\draw (-5.6,-2.6) node[right,scale=0.7]{phase space};
%	\draw[red,thick,scale=2,->] (2.6,-0.98) -- (2.75,-1.01);
%	\draw[red,thick,scale=2,->] (0.585,-1.31) -- (0.64,-1.37);
%%	\draw (-6,3.8) node[right]{Instability = Sensitivity to initial conditions:};
%%	\draw (-6,3.3) node[right]{Initial deviation $\delta_0$ grows exponentially to $\delta_t=\delta_0\,e^{\lambda t}$};
%	\end{tikzpicture}
%\end{center}
%\begin{itemize}
%	\item Mathematical definition: $\lambda=\lim_{t\to \infty}\left(\frac{1}{t}\log\frac{\lVert M(t)\delta_0\rVert}{\lVert\delta_0\rVert}\right)$
%	\item Hamiltonian Lyapunov exponents come in pairs $\lambda_i=-\lambda_{2N-i+1}$:
%	\begin{align*}
%	\lambda_1\geq\cdots\geq\lambda_N\geq 0\geq\lambda_{N+1}\geq\cdots\geq \lambda_{2N}
%	\end{align*}
%\end{itemize}
%\end{frame}


\begin{frame}[c]{(2) Gaussian initial states}
Gaussian (= squeezed coherent) states $|\color{dblue}\zeta\color{dblue},\color{dred}g\color{black}\rangle$ can be characterized by
\begin{textblock*}{10cm}(5.7cm,1.7cm) % {block width} (coords)
	\begin{tikzpicture}
	\draw (0,0) node{\includegraphics[height=2.5cm]{figures/Gaussian2}};
	\draw (.7,-.3) node[right,scale=0.9,dblue]{$\zeta$};
	\draw[dblue,->,thick,dashed] (-.51,-.27) -- (.75,-.27);
	\draw (1.6,-1.2) node[right]{$\pi_j$};
	\draw (-3,-1.3) node[right]{$\varphi_i$};
	\draw (-3,0.3) node[right,rotate=19,scale=0.7]{phase space};
	\draw[thick,<->,dred] (0.1,0.7) -- (1.4,0.7) node[above,xshift=.5mm]{$g$};
	\end{tikzpicture}
\end{textblock*}
\begin{itemize}
	\item \color{dblue}Expectation value (peak)\\
	$\zeta^a=\langle\hat{\xi}^a\rangle$\color{black}
	\item \color{dred}Correlation metric (spread)\\ $g^{ab}=\frac{1}{2}\langle\left\{\hat{\xi}^a,\hat{\xi}^b\right\}\rangle-\zeta^a\zeta^b$\\
	Complex structure: $J=\Omega g$\color{black}
\end{itemize}
\vspace{-2mm}
\begin{block}{\textbf{Entanglement entropy} for symplectic subsystem $A\subset V$}
Restricting complex structure $\color{dred}[J]_A\color{black}$ to subsystem $A$ gives:
	\vspace{-2mm}
	\begin{align*}
	S^A(|\zeta,g\rangle)=\mathrm{Tr}\left(\frac{\mathbbm{1}-i\color{dred}[J]_A\color{black}}{2}\right)\log\left|\frac{\mathbbm{1}-i\color{dred}[J]_A\color{black}}{2}\right|
	\end{align*}
\end{block}
\textbf{Note:} This is the same complex structure \color{dred}$J$ \color{black} that one uses in QFT in curved spacetime to choose a Fock space representation by decomposing fields into positive and negative frequency modes.
\end{frame}


\begin{frame}[c]{Linear entanglement production theorem}
\begin{block}{}
Unstable quadratic Hamiltonians + Gaussian initial state imply:
\vspace{-.3cm}
\begin{align*}
	S^A(t)\sim \color{red}\Lambda_A\color{black}\,t\quad\text{with}\quad\color{red}\Lambda_A=\sum^{2N_A}_{i=1}\lambda_i\color{black}\quad\text{(largest $2N_A$ Lyaponov exponents $\lambda_i$)}
\end{align*}
\vspace{-.5cm}\\
Proof in \color{green}[Bianchi, LH, Yokomizo]\color{black}, related work by \color{green}[Berenstein, Asplund]\color{black}
\end{block}
\vspace{2mm}
\begin{center}
	\begin{tikzpicture}[scale=0.9]
	\draw (0,0) node{\includegraphics[height=4.5cm]{figures/Entanglement-Examples}};
	\draw (4,-1.9) node{$t$};
	\draw (3,-.85) node[scale=0.7]{$N_A=1$};
	\draw (3,.15) node[scale=0.7]{$N_A=2$};
	\draw (3,1.5) node[scale=0.7]{$N_A=3$};
	%\draw (-5,-0.5) node{Initial state};
	%\draw (-5,-1) node{only relevant for};
	%\draw (-5,-1.5) node{small times};
	\end{tikzpicture}
\end{center}
\end{frame}

%2)))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))
\begin{frame}[t]{Sketch of the proof}
\textbf{Step 1: Geometric entanglement entropy}\\
For highly entangled systems, we find the asymptotics
\begin{align*}
	S^A(|\color{dblue}\zeta\color{dblue},\color{dred}g\color{black}\rangle)\sim\log \mathrm{Vol}_{\color{dred}g\color{black}}(\mathcal{D}_A)\,,
\end{align*}
where we take a Darboux region $\mathcal{D}_A\subset A$ with \emph{symplectic volume} $1$ and compute its \emph{metric volume} with respect to $g$ (restricted to $A$).
\vspace{2mm}
\begin{center}
	\begin{tikzpicture}
	\draw[->,thick] (0,0) -- (3,0) node[right]{$q_i$};
	\draw[->,thick] (0,0) -- (0,3) node[above]{$p_j$};
	\filldraw[thick,fill=gray,opacity=0.4] (0,0) rectangle (2,2);
	\draw (3,3) node{Subsystem $A\subset V$};
	\draw (1,1) node{$\mathcal{D}_A$};
	\draw (3,1.8) node[right]{$\mathrm{Vol}_{\Omega}(\mathcal{D}_A)=1$ \emph{(symplectic volume)}};
	\draw (3,1.1) node[right]{$\mathrm{Vol}_{\color{dred}g\color{black}\,}(\mathcal{D}_A)\geq1$ \emph{(metric volume)}};
	\end{tikzpicture}
\end{center}
\end{frame}

\begin{frame}[t]{Sketch of the proof}
	\textbf{Step 2: Exponential stretching at Instabilities}\\
	We can compute the classical solution as symplectic flow $\color{red}M(t)\color{black}: V\to V$.\\
	The entanglement entropy of the time evolved Gaussian states $|\color{dblue}\zeta_t\color{dblue},\color{dred}g_t\color{black}\rangle$ is
	\begin{align*}
		\boxed{S^A(t)\sim \log \mathrm{Vol}_{\color{dred}g_t\color{black}}(\mathcal{D}_A)=\log \mathrm{Vol}_{\color{dred}g_0\color{black}}(\color{red}M(t)\color{black}\mathcal{D}_A)\sim \color{red}\sum^{2N_A}_{i=1}\lambda_i\color{black}t\,.}
	\end{align*}
\vspace{-8mm}
\begin{center}
	\begin{tikzpicture}[scale=0.9]
	\draw[->,thick] (0,0) -- (3,0) node[below]{$A\subset V$};
	\draw[->,thick] (0,0) -- (0,3) node[right]{$V$};
	\draw[->,thick] (0,0) -- (-1.3,-1.3);
	\filldraw[thick,fill=gray,opacity=0.4] (0,0) -- (2,0) -- (1,-1) -- (-1,-1) -- cycle;
	\draw (0.5,-0.5) node{$\mathcal{D}_A$};
	
	\draw[->,thick] (6,0) -- (9,0);
	\draw[->,thick] (6,0) -- (6,3) node[right]{$V$};
	\draw[->,thick] (6,0) -- (4.7,-1.3);
	\filldraw[thick,fill=gray,opacity=0.4] (6,0) -- (8,3) node[above,black,opacity=1,xshift=4mm]{$\color{red}e^{\lambda_1 t}\color{black}$} -- (9.5,2.5) -- (8.3,-1) node[right,black,opacity=1]{$\color{red}e^{\lambda_2 t}\color{black}$} -- cycle;
	\draw (4,1.2) node[scale=1.5]{$\Longrightarrow$};
	\draw (4,1.4) node[above]{$\color{red}M(t)\color{black}$};
	\draw (4,2) node[above,red]{Hamiltonian flow};
	\draw (8,1.3) node{$M(t)\mathcal{D}_A$};
	\draw[thick,red,->]  (6,0) -- (8,3);
	\draw[thick,red,->]  (6,0) -- (8.3,-1);
	\end{tikzpicture}
\end{center}
\end{frame}


%2)))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))
\begin{frame}[t]{Summary}
\textbf{Entropy of a ``Detector'' probing $N_A$ degrees of freedom}
	\begin{block}{}
		Unstable quadratic Hamiltonians + squeezed coherent initial state imply:
		\begin{align*}
		S_A(t)\sim \color{red}\Lambda_A\color{black}\,t\quad\text{with}\quad\color{red}\Lambda_A=\sum^{2N_A}_{i=1}\lambda_i\color{black}\quad\text{(largest $2N_A$ Lyaponov exponents $\lambda_i$)}
		\end{align*}
	\end{block}
	Important properties:
	\begin{itemize}
		\item Rate is independent of initial state $|\zeta_0,g_0\rangle$
		\item Rate only depends on the dimension $\mathrm{dim}\,A=2N_A$ of subsystem
		\item Lyapunov exponents come in opposite pairs ($\lambda_i=-\lambda_{2N-i+1}$):
		\vspace{-.3cm}
		\begin{align*}
		\lambda_1\geq\cdots\geq\lambda_N\geq 0\geq\lambda_{N+1}\geq\cdots\geq \lambda_{2N}
		\end{align*}
		\item \vspace{-2mm}Upper bound for \textit{all} initial states
	\end{itemize}
	\color{green}
	\textbf{Connection to Kolmogorov-Sinai:}\\
	This is equal to the Kolmogorov-Sinai entropy $S_{KS}=\sum_{\lambda_i>0}\lambda_i$ for sufficiently large $N_A$, where $N_A$ is the number of DOFs of the detector.\color{black}
\end{frame}


%%Q)))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))
%\setbeamercolor{background canvas}{bg=black}
%\begin{frame}[plain,noframenumbering]{}
%	\vspace{1cm}
%	\begin{center}
%		\Huge\color{white}{?}
%	\end{center}
%\end{frame}
%\setbeamercolor{background canvas}{bg=white}

%\begin{frame}[t,noframenumbering]{Backup 1: Quadratic Hamiltonians and Gaussian states}
%How much can we do with quadratic Hamiltonians?
%\begin{itemize}
%	\item Linear systems can be treated in full rigor.
%	\item Non-linear systems can be treated for finite time at stable points.
%	\item Non-linear systems can be studied perturbatively:
%	\begin{enumerate}
%	\item Classical solution $\xi_0(t)=(\vec{q},\vec{p})$
%	\item Perturbation $\delta\xi$, s. t. $\tilde{\xi}=\xi_0(t)+\delta\xi$
%	\item Expand $H_0$ to quadratic order in $\delta\xi$
%	\item Time-dependent \& quadratic\\
%	Hamiltonian $H(\delta\xi)$.
%\end{enumerate}
%\end{itemize}
%\vspace{-2cm}
%
%\hspace*{2cm}\includegraphics[height=5cm]{figures/semi-classical.png}
%\end{frame}
%
%\begin{frame}[t,noframenumbering]{Backup 2: General Theorem and Lyaponov exponents}
%Our theorem states that the entanglement entropy grows asymptotically as
%\begin{align*}
%	S_A(t)\sim \Lambda\,t\quad\text{with}\quad\Lambda=\sum^{2N_A}_{i=1}\lambda_i
%\end{align*}
%\textbf{How can we calculate the Lyaponov exponents $\lambda_i$?}
%\begin{enumerate}
%	\item A general quadratic Hamiltonian can be fully described by matrix $h_{ab}$:
%	\begin{align*}
%	H=\frac{1}{2}\,\xi^a\,\xi^b\,h_{ab}\quad\text{where}\quad\xi=(\vec{q},\vec{p})
%	\end{align*}
%	\vspace{-0.7cm}
%	\item Phase space is equipped with the symplectic form $\Omega=\left(\begin{array}{cc}
%	0 & -\mathbbm{1}\\
%	\mathbbm{1} & 0
%	\end{array}\right)$,
%	\item Lyaponov exponents = positive real parts of the eigenvalues of $\Omega h$:
%	\begin{align*}
%		\lambda_i\in|\mathrm{Re}\left(\mathrm{spec}\left(\Omega h\right)\right)|
%	\end{align*}
%\end{enumerate}
%
%\end{frame}
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