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Overview

@ The Mathisson-Papapetrou-Dixon (MPD) dynamics
and effective action principles (surprising generality)

@ Remarkable simplifications for the black hole case

@ To all orders in spin, at the leading PN orders,

for binary black holes, (m4, S1, ma,S5)
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Overview

@ The Mathisson-Papapetrou-Dixon (MPD) dynamics
and effective action principles (surprising generality)

@ Remarkable simplifications for the black hole case

@ To all orders in spin, at the leading PN orders,
for binary black holes, (m4, S1, ma,S5)

—three ways to derive the same results:

(1) direct post-Newtonian (PN) calculation

mi

. msa . m% m%
(2) a “test black hole” with mass i = v and spin Siest = Wsl + WSQ

in a Kerr background with mass M = m; + my and spin § = S; + S,
(3) “deduced” in a certain way from a pole-dipole test body in Kerr

. M M
(featuring Kerr with mass M = m; + my and spin Sy = m—Sl + m—Sg )
1 2
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Effective worldline action principle

@ Bodies A = 1,2 with worldlines = = z4 () and metric g, (),

1 iy
Slza,9] = 167/05433\/ —gR— ZmA/d/\\/_guu(zA)ZféLZA
A

Formally, = ZH =0, G = 8rxTH",
0 (x — z4) 2
T = E mA/d/\u“uyi, uly = A
- Vg tV-A
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Effective worldline action principle

@ Bodies A = 1,2 with worldlines = = z4 () and metric g, (),

Slza,9] = /d4x\/ gR — ZmA/dA\/W

Formally, = ZH =0, G = 8rxTH",
0 (x — z4) 2
TH = ma / dX uhuty — ’ uly = 4
2 Vg tV-A

@ Add rotational degrees of freedom (for each A =1, 2)

—“body-fixed” tetrad A,*()) along z = z(\) with @ = A" chz; ,

SA = /d/\ EA uua guu( )a Ruuaﬂ(z)a vuRaﬂ'yé(z)v )
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The MPD equations

. oL oL
@ Define momentum p,, = P and spin S, = 28§2W
Action = MPD equations: (force F*, torque N*¥)
Dp" ; 5 DSH ,
vapi’ 9P = Fr, _oplegrl — Nwv
N + R gz’ S X plHz

: transport egs. for p* and S** along any worldline.

@ Add extra constraint, “spin supplementary condition” (SSC),
Suwf’ =0,
(mass dipole vanishes in frame defined by timelike vector field f*)
and MPD also determines evolution of worldline.

. 1
° ( Field egs.?: V,p* + §R“m55a5 = ..., VS —plesvl = . )
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Action for (quadrupolar) MPD

@ Phase-space action, (o, p* : Lagrange multipliers)

[0

1
Salzp, A, S] = /dA {puéu + 5 S = 3

(v +M2) - mcﬂ]
“dynamical mass” M?(z, p, S) replaces Lagrangian £(z, z,Q)

“spin-gauge constraint” : 0=Cu =5 (ﬁ” + Ao”)

@ Ingeneral, = MPD with

a DM? OM? OM? Pt
L= —— NH — _ (e 26lk _ p
! 2 Dzk’ @ <p Opy) * “asy]a> ,a p?
. 3p, 27 OM? oM
@ Define quadrupole, Jrvef = X0 , assume —— =0=...
quadrip 22 ORumas ( OVR )
1 4
= Fy= _EvuRaﬁ%J@ﬂw ) NI = §R[Haﬁ7‘]y]a67

Justin Vines Spin-multipole effects in binary black holes & the test-body limit



Quadrupolar couplings

@ Define electric, magnetic parts of Weyl tensor,
Euw + 1By = (Cravp + *Crawp) 09>,
mass dipole vector x*, and Pauli-Lubanski spin vector s*,
X 4 ist = — (S +*SH) p.
@ Spin-induced and adiabatic tidal couplings:
M? =m? — K, s"'s" — )\%5,“,5’“’,
( kBH =1, Apg =0 ),
—valid for the “covariant SSC”: Suwp’ =0 (x* =0)
@ For a generic SSC, new kinematical terms: (A=0)

./\/l2 =m?2 - I{guususy - QBWSHXV + E,WXHXV
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Quadrupolar couplings for a black hole

@ Withkx =1,
M2BH =m? — E;WSMSV - 2BMV5HXV + gﬁ“’xﬂxu
1
=m?2+ §(guu + iBHl/)(X# +ist)(x” +1is”) + c.c.

1
=m? + quﬂswsaﬁ
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Quadrupolar couplings for a black hole

@ Withk =1,
Miy =m? — 5,“,3“8” —2Buust' XY + Euxt' XY
=m?+ = (SW +iB.) (X" +is*)(x” +is”) + c.c
=m? + quﬂswsaﬁ

@ Thus, for a BH (in vacuum),

3pz

JhreB —
4p?

(S“”S“ﬁ Sl gaBl traces).
@ p—2 relation for the cov. SSC, in general,
1 4
(—p-2)p" = (—p2)2“ _ iszmmzzaSBv + gR[ﬂamJV]ampy + 0(53)

Dz

For a black hole, =52+ 0(5%)
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LO-PN couplings for a BH to all orders in spin

. . H ) gH 1 .
o Rescale dipoles, ¢* ot =X " _ _© (S +i*8)"p
m m

higher-order tidal tensors, (P}, = 6}, + Pup”)
(E+iB)ye =P Pra eV oy - Vi o (C+°C) 1) Db

M2=m2+2m2{

! (EWU“U +2B,,0te — Vgﬂg")

+

Buyact oo™ =3, a0 0" + NLO)

+
| =2 =

Eumgcr*‘a”ao‘aﬁ + 4Bﬂya50“o"0°‘§ﬁ + NLO)

b=

A =

. N N N

B/Lyag,yO'“CTVO'aO'ﬁO"Y — 58 wapyota’o 0557 + NLO)
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The PN and spin expansions (by PN order)

PN order | 1.5 | 25 | 3.5 | 4.5 | 5.5 |
0 1 2 3 4 5 | 6
spin*0 N 1PN 2PN 3PN 4PN
spin* | LO SO | NLO SO |NNLO SO|
spinA2 | LO s”2 |NLO S22 |NNLO s*2
spin*3 | LO s*3 | NLO $73
spint4 | LO s*4 | NLO s*4
spin*5 | LO §*5 |
spin6 | LO s*6

“nPN” : no-spin / point-mass, “SO” : spin-orbit / linear-in-spin,

“LO” : leading-(PN-)order, “NLO” : next-to-leading-order,
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The PN-spin expansion (rearranged)

PN order | 1.5 | 25 | 3.5 | 4.5 | 55 ‘ LO even [NLO even | ‘
0 1 2 3 4 5 | 6 | LO odd | NLO odd | | ‘

N 1PN 2PN 3PN 4PN N ‘ 1PN ‘ 2PN ‘ 3PN ‘ 4PN ‘
| LO SO ‘ NLO SO ‘ NNLO SO ‘ ‘ LO SO ‘ NLO SO ‘ NNLO SO ‘ NNNLO SO‘

| LO s*2 ‘ NLO $*2 ‘ NNLO s/2

LO s*2 ‘ NLO $*2 ‘ NNLO S"2|NNNLO S"Z‘

| LOSA3 | NLO §3 ‘ ‘ LO SA3 ‘ NLO $43 |NNLO su‘
| LO S*4 ‘ NLO su‘ LO S~4 ‘ NLO S*4 |NNLO su‘
|LOS"5‘ ‘ LO S5 |NLOS"5‘
| LO S% LO S | NLO $16 ‘
LO S"8 (n+0.5)PN

Hamiltonian H = Hx + Hipn + - .-
PN counting assumes large spins S ~ Gm?/c.

(for arbitrary-mass-ratio binaries with spin-induced body multipoles)
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The PN-spin expansion

Red text: not (fully) known

Black text: fully calculated,

and confirmed, all except for:

NNLO-S?
4PN

LO-S™ withn > 5

LO even | NLO even ‘

| LO odd | NLO odd| | ‘

N | 1PN | 2PN | 3PN | 4PN ‘

| LO SO | NLO SO | NNLO SO |NNNLO SO‘

LO s~2 | NLO S2

NNLO $42

NNNLO 8“2‘

| LO $73

NLO $23 | NNLO 8“3‘

LO S*4 | NLO $*4 |NNLO S*4

| LO $*5

NLO $45 ‘

LO $%6 [ NLO S”6

LO S*7 nPN (n+1)PN

(n+0.5)PN ‘
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PN compact binaries

Describe binary of compact objects, bodies A = 1,2 in terms of
@ worldlines = = z 4(t) in PN coordinates 2 = (t,2%) = (¢, z),

relative position R = z, — z;, distance R = |R],

@ massesmya (M =my+mg, pu=mimo/M, v=pu/M),

take my > mao, “test-body limit” : mo — 0,
@ spin vectors S, = S%, rescaled spins as = Sa/mac,

@ assume only spin-induced multipole moments, H(R, P, S, S-),

OH . OH . .. OH

i Piif . i i ] k 1
R aPZa IR SA € kanASAa ( )
rescale momenta: H = E, P = B, L= L_ Rx P,
I I I
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Leading-order Hamiltonians

@ Newtonian point-mass:

_ P M
=5 %
@ 1PN point-mass:
=4 2
_ P MP
Hypy = (-1 - 4+ (-3-2
N = (=14 3v) ==+ (=3 = 2v) =
2
ML M?
@ Leading-order spin-orbit: (spin S = ma)

_ 3 L-
HL0751 = (27’77,1 + 2m2) Tal

L-
+ <2m1 + 2m2) a2 .
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Leading-order spin-orbit

_ L-a .
Hips1 = <2m1+ mz) Rdl ( m1+2m2) 7@
= 2a+30' %
N 2" ) R3
3 M
— Px(2a+2s).02
x<a+2 > BR,

@ Spin map:

S = Sl +S2 =miaj +moQz = Ma,
S €8s *
¥:S 2@52+@51:m1a2+m2a1:M0',
v ma my
@ Equivalent to the motion of a test body:

Hio.s1(my,a1,mz,a3) = HGG (M, a,pu, o)
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Leading-order spin-squared

_ 1 o o o M
Hiogs = 3 (/ﬁlalla]l + 2ajal + fﬁgaéa;)aﬁjﬁ,

@ « : response coefficient for spin-induced quadrupole : kg = 1

] 1 . ) Y
HEg’}SIQ (m1, @1, mz, az) = 5((11 + a2)L(a1 + (12)]61‘83‘7
_ 1 u
= HI]_BC]?—PSI;eSt(Mv a, [, 0') = 5(((1 + O‘) i a)zf
[] es 1 M
- Hfg_‘gé (M, ag, 1, 0) = §(a0 . 8)2§

where

n n S+S8" S
a=a,+ay=a+0= = —
0 1 2 i i
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Through S, at the leading PN orders, for BBHs

@ Even part:
_ PP M 1 M
BBH __ 2
HLO,even - 7 - f + E(ao : 8) f
1 WM .
—1(00'3) ﬁ‘FO(S )
@ Odd part:
_ 1= 3 M
AES, =~ 1P <2a+ 20) rE
1 - 1 9 5
+§Px 2a+ -0 )-8 (ag-0)°—= + O(S5°)
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Arbitrary-mass-ratio results from the test-body limit

@ Even and odd parts, from a “test black hole™—
—with all the multipoles—in Kerr:

7 r7BBH
HI_].B(?H(mlaal,m2aa2) :HLO 7teSt(M,(I7/,L,O')’

@ The even part, from geodesics in Kerr:

;7BBH r7BBH test
HLO,even (mla ai,ma, CLQ) = HLO,even (Ma ao, M, O)a

@ Even and odd parts “deduced” in a certain way
from a pole-dipole test body in Kerr
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To all orders in spin, even part

BBH
HLO even

il
2

= —cos(ag - 0) —
M/2

= —exp(ia - B)T

()
B \R+ia0\ o
_ Mr

72 + a3 cos? 0

The oblate spheroidal (Kerr-Schild) geometry naturally emerges,
with a ring-disk singularity of radius ag = |ag|-
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Oblate spheroidal geometry

R
T
/ @og 0
\ Z R
O
const. r — ellipsoid
const. # — hyperboloid 0 apsin® ag  p  \/r? + a2

coordinates: cylindrical (p,®,7), X =pcos®, Y =psin®,
spherical (R,©,®), p=Rsin®, Z = RcosO,

spheroidal (r,0,®), p=/r?>+a?sinf, Z =rcosé.

Justin Vines Spin-multipole effects in binary black holes & the test-body limit



Oblate spheroidal geometry

the ingoing principal null congruence

NERRY

\C\

equatorial plane —
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To all orders in spin, odd part

1 - M
HEBH 1!P><<2a+0'> oY
1 1 , M
odd .p_1
o 1 674 ZflM
= £ TP>< (2a+2o'> 9 (ag-9) "l
- sin(ag - 0) - M
—|-—2P SPxo- 9| =
{ X ag- 0 P + x o -8 cos(ag 8)} R
Mr 2RXP'(10 MPXO’ R+ia0
— - = | = +cec
r2+adcos?0 r?+ad 4 (r 4 iag cos )3
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@ To all orders in spin, at the leading PN orders,
for binary black holes, (m,, S1, ms,S5)

—three ways to derive the same results:

(1) direct post-Newtonian (PN) calculation

mi

2) a “test black hole” with _ M2 o depin Se = T2, 4 M g
(2) a “test black hole” wit mass u = —,— and spin Stest = 775 1+W 2

in a Kerr background with mass M = m; + my and spin S = S; + S,
(3) “deduced” in a certain way from a pole-dipole test body in Kerr
ma

@ Oblate spheroidal (effective) Kerr-Schild geometry naturally emerges
from exact resummation of the LO conservative dynamics.

. . . M M
(featurlng Kerr with mass M = m; + ms and spin Sy = m—Sl + —85 )
1
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