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Three Space-Times 



Constructing the Spacetime 

!   Create direct sums of a scalar field and 4-vector and 4-
covector fields. 

!   Take all tensor products of such fields, creating a 
subalgebra of the universal covering algebra of the 
tensor algebra. 

!   Write a general Lagrangian up to rank two, vary it with 
respect to the 4-velocity. 

!   Read off the equivalent Cristoffel symbols and 
calculate the analogous curvatures. 



Step 1: Create the Subalgebra of the Uni-
versal Covering Algebra
Define the “scalar-extended” x-vectors and x-covectors:

PB = P 0 ⊕ Pb and QA = Q0 ⊕Qa (1)

and all tensor products of these x-vectors and x-
covectors. Because P0 and Q0 are scalar fields,
coordinate transformations are effected via, for ex-
ample,

P̄A =

�
1 0

0 ∂x̄a

∂xb

�
PBP̄A =

�
1 0

0 ∂x̄a

∂xb

�
PBP̄A =

�
1 0

0 ∂x̄a

∂xb

�
PB (2)

Transition function groups
Kaluza-Klein: GL(5)
Einstein’s original theory: GL(4)
In-between theory: a group isomorphic to GL(4)

Step 1: The variational principle
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Step 2: Define a second order element of
the subalgebra, an extended momentum
x-vector, and evaluate it.

g̃AB = ψ ⊕ Aa ⊕ Ab ⊕ gabg̃AB = ψ ⊕ Aa ⊕ Ab ⊕ gabg̃AB = ψ ⊕ Aa ⊕ Ab ⊕ gab (4)

PA = e⊕ paPA = e⊕ paPA = e⊕ pa (5)

g̃(PA, PB) = e2ψ + eAap
a + eAbp

b + gabp
apbg̃(PA, PB) = e2ψ + eAap

a + eAbp
b + gabp

apbg̃(PA, PB) = e2ψ + eAap
a + eAbp

b + gabp
apb

(6)
Step 3: Vary g̃̃g̃g with respect to the four-
velocity:

dvf

dλ
+

1

2
gdf

�
∂gdb

∂xa +
∂gad

∂xb
− ∂gab

∂xd

�
vavbdvf

dλ
+

1

2
gdf

�
∂gdb

∂xa +
∂gad

∂xb
− ∂gab

∂xd

�
vavbdvf

dλ
+

1

2
gdf

�
∂gdb

∂xa +
∂gad

∂xb
− ∂gab

∂xd

�
vavb

+
1

2

e

m
gdf

�
∂Ad

∂xa −
∂Aa

∂xd

�
va++

1

2

e

m
gdf

�
∂Ad

∂xa −
∂Aa

∂xd

�
va++

1

2

e

m
gdf

�
∂Ad

∂xa −
∂Aa

∂xd

�
va+

+
1

2

e

m
gdf

�
∂Ad

∂xb
− ∂Ab

∂xd

�
vb − 1

2

e2

m2g
df ∂ψ

∂xd
= 0+

1

2

e

m
gdf

�
∂Ad

∂xb
− ∂Ab

∂xd

�
vb − 1

2

e2

m2g
df ∂ψ

∂xd
= 0+

1

2

e

m
gdf

�
∂Ad

∂xb
− ∂Ab

∂xd

�
vb − 1

2

e2

m2g
df ∂ψ

∂xd
= 0

(7)
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b + gabp
apbg̃(PA, PB) = e2ψ + eAap

a + eAbp
b + gabp

apbg̃(PA, PB) = e2ψ + eAap
a + eAbp

b + gabp
apb

(6)
Step 3: Vary g̃̃g̃g with respect to the four-
velocity:

dvf

dλ
+

1

2
gdf

�
∂gdb

∂xa +
∂gad

∂xb
− ∂gab

∂xd

�
vavbdvf

dλ
+

1

2
gdf

�
∂gdb

∂xa +
∂gad

∂xb
− ∂gab

∂xd

�
vavbdvf

dλ
+

1

2
gdf

�
∂gdb

∂xa +
∂gad

∂xb
− ∂gab

∂xd

�
vavb

+
1

2

e

m
gdf

�
∂Ad

∂xa −
∂Aa

∂xd

�
va++

1

2

e

m
gdf

�
∂Ad

∂xa −
∂Aa

∂xd

�
va++

1

2

e

m
gdf

�
∂Ad

∂xa −
∂Aa

∂xd

�
va+

+
1

2

e

m
gdf

�
∂Ad

∂xb
− ∂Ab

∂xd

�
vb − 1

2

e2

m2g
df ∂ψ

∂xd
= 0+

1

2

e

m
gdf

�
∂Ad

∂xb
− ∂Ab

∂xd

�
vb − 1

2

e2

m2g
df ∂ψ

∂xd
= 0+

1

2

e

m
gdf

�
∂Ad

∂xb
− ∂Ab

∂xd

�
vb − 1

2

e2

m2g
df ∂ψ

∂xd
= 0

(7)
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Step 4: Define the extended derivative
operator and covariant derivative and write
the directional derivative.
Extended derivative operator:

∂

∂x̃A
=

�
0 if A = 0
∂

∂xa if A = a

∂

∂x̃A
=

�
0 if A = 0
∂

∂xa if A = a

∂

∂x̃A
=

�
0 if A = 0
∂

∂xa if A = a
(8)

The directional derivative:

V A∇̃AV F = V A∂V F

∂x̃A
+ V AΓ̃F

ABV BV A∇̃AV F = V A∂V F

∂x̃A
+ V AΓ̃F

ABV BV A∇̃AV F = V A∂V F

∂x̃A
+ V AΓ̃F

ABV B (9)

where ∇̃A is the extended covariant derivative.
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Step 5: Compare to generalized deriva-
tive to the variation of Step 3 and identify
non-zero equivalent Cristoffel and Cristoffel-
like symbols! (Here, the index 0 is a scalar index,

whereas roman indices in italics are vector indices.)

dvf

dλ
+

e2

m2
Γ̃F

00 +
e

m
vaΓ̃F

a0 +
e

m
vbΓ̃F

0b + Γ̃F
abv

avbdvf

dλ
+

e2

m2
Γ̃F

00 +
e

m
vaΓ̃F

a0 +
e

m
vbΓ̃F

0b + Γ̃F
abv

avbdvf

dλ
+

e2

m2
Γ̃F

00 +
e

m
vaΓ̃F

a0 +
e

m
vbΓ̃F

0b + Γ̃F
abv

avb
= 0

Γ̃0
00 = Γ̃0

a0 = Γ̃0

0b = Γ̃0

ab = 0Γ̃0
00 = Γ̃0

a0 = Γ̃0

0b = Γ̃0

ab = 0Γ̃0
00 = Γ̃0

a0 = Γ̃0

0b = Γ̃0

ab = 0

Γ̃f
00

= −1

2
gdf ∂ψ

∂xd
Γ̃f

00
= −1

2
gdf ∂ψ

∂xdΓ̃f
00

= −1

2
gdf ∂ψ

∂xd

Γ̃f
a0

=
1

2
gdf

�
∂Ad

∂xa −
∂Aa

∂xd

�
Γ̃f

a0
=

1

2
gdf

�
∂Ad

∂xa −
∂Aa

∂xd

�
Γ̃f

a0
=

1

2
gdf

�
∂Ad

∂xa −
∂Aa

∂xd

�

Γ̃f
0b =

1

2
gdf

�
∂Ad

∂xb
− ∂Ab

∂xd

�
Γ̃f

0b =
1

2
gdf

�
∂Ad

∂xb
− ∂Ab

∂xd

�
Γ̃f

0b =
1

2
gdf

�
∂Ad

∂xb
− ∂Ab

∂xd

�

Γ̃f
ab = Γf

abΓ̃f
ab = Γf

abΓ̃f
ab = Γf

ab
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Constraints Reducing Kaluza-Klein C-
Symbols to the In-Between Theory 

∇aψAa = 0∇aψAa = 0∇aψAa = 0

∂ψ

∂xd
− AaFda = 0

∂ψ

∂xd
− AaFda = 0

∂ψ

∂xd
− AaFda = 0

1

2

�
∂Ad

∂xa +
∂Aa

∂xd

�
− AbΓ

b
ad = 0

1

2

�
∂Ad

∂xa +
∂Aa

∂xd

�
− AbΓ

b
ad = 0

1

2

�
∂Ad

∂xa +
∂Aa

∂xd

�
− AbΓ

b
ad = 0
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These constraints are required to get the correct particle 
Lagrangian from 5-d Kaluza-Klein—probably showing why 
that theory won’t give the right particle dynamics. 



Step 6: Derive the equivalent Ricci tensor

R̃AB =
∂Γ̃C

AB

∂x̃C
−

∂Γ̃C
AC

∂x̃B
+ Γ̃E

ABΓ̃C
CE − Γ̃E

ACΓ̃C
BER̃AB =

∂Γ̃C
AB

∂x̃C
−

∂Γ̃C
AC

∂x̃B
+ Γ̃E

ABΓ̃C
CE − Γ̃E

ACΓ̃C
BER̃AB =

∂Γ̃C
AB

∂x̃C
−

∂Γ̃C
AC

∂x̃B
+ Γ̃E

ABΓ̃C
CE − Γ̃E

ACΓ̃C
BE

(10)
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Note: This x-tensor can be derived in the 
usual way by a commutation of successive x-
covariant derivatives operating on an x-
vector. The result is of some interest! 



Step 7: Obtain the components of the

Ricci x-tensor

R̃ab =
∂Γc

ab
∂xc −

∂Γc
ac

∂xb
+ Γe

abΓ
c
ce − Γe

acΓ
c
beR̃ab =

∂Γc
ab

∂xc −
∂Γc

ac

∂xb
+ Γe

abΓ
c
ce − Γe

acΓ
c
beR̃ab =

∂Γc
ab

∂xc −
∂Γc

ac

∂xb
+ Γe

abΓ
c
ce − Γe

acΓ
c
be (11)

R̃a0 =
1

2

�
∂Fc

a

∂xc + Γc
cdF

d
a − Γd

caF
c
d

�
R̃a0 =

1

2

�
∂Fc

a

∂xc + Γc
cdF

d
a − Γd

caF
c
d

�
R̃a0 =

1

2

�
∂Fc

a

∂xc + Γc
cdF

d
a − Γd

caF
c
d

�
(12)

with

Fba =
∂Ab

∂xa −
∂Aa

∂xb
Fba =

∂Ab

∂xa −
∂Aa

∂xbFba =
∂Ab

∂xa −
∂Aa

∂xb
(13)

R̃00 = −α

2

�
∂

∂xc

�
gdc ∂ψ

∂xd

�
+ Γc

ce

�
gde ∂ψ

∂xd

��
R̃00 = −α

2

�
∂

∂xc

�
gdc ∂ψ

∂xd

�
+ Γc

ce

�
gde ∂ψ

∂xd

��
R̃00 = −α

2

�
∂

∂xc

�
gdc ∂ψ

∂xd

�
+ Γc

ce

�
gde ∂ψ

∂xd

��

(14)

−1

4
gdegfcFdcFfe−1

4
gdegfcFdcFfe−1

4
gdegfcFdcFfe
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Step 8: Define the Extended Stress-Energy

T̃ AB =

�
ᾱρ βJb

βJa κTab

�
T̃ AB =

�
ᾱρ βJb

βJa κTab

�

T̃ AB =

�
ᾱρ βJb

βJa κTab

�
(15)

where ᾱ, β, and κ are constants, and ρ is the energy
density, which may be presumed to be proportional
to the number density.

Step 9: Variational Derivation of the Field
Equations

The most natural field Lagrangian is

£ =

�
R̃
√
−g d4x£ =

�
R̃
√
−g d4x£ =

�
R̃
√
−g d4x (16)

where R̃ is the analogue of the Ricci scalar. Note
that this field Lagrangian is over a four-manifold.
The variation then yields the following field equa-
tions for the nonlinear metric:
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R̃AB −
1

2
R̃gab + VAB = κT̃AB (17)

VAB = Ω

�
ψAeBe

1
2

�
ψδe

b + AeAb
�
Be

1
2 (ψδe

a + AeAa) Be δe
aAbBe

�

(18)
where

Be = ∇fFef (19)

and

Ω =
�
ψ − AdA

d
�−1

(20)

These equations give GR, Maxwell’s equations, and
a Klein-Gordon field in vacuum, the latter with an
unusual dependence on the electric energy density.
Inside matter, Maxwell’s equations become nonlin-
ear.
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Step 10: An elementary cosmological so-
lution to the field equations

R̃00 −
1

2

�
ψ−1R̃00 + R

�
ψ = ᾱρR̃00 −

1

2

�
ψ−1R̃00 + R

�
ψ = ᾱρR̃00 −

1

2

�
ψ−1R̃00 + R

�
ψ = ᾱρ (21)

Rab −
1

2

�
ψ−1R̃00 + R

�
gab = κTabRab −

1

2

�
ψ−1R̃00 + R

�
gab = κTabRab −

1

2

�
ψ−1R̃00 + R

�
gab = κTab (22)

These two equations can be decoupled to the fol-
lowing two equations:

R̃00 =

�
2

3
ᾱρ− 1

3
κT

�
ψR̃00 =

�
2

3
ᾱρ− 1

3
κT

�
ψR̃00 =

�
2

3
ᾱρ− 1

3
κT

�
ψ (23)

and
Rab −Rgab = κTab + ᾱρgabRab −Rgab = κTab + ᾱρgabRab −Rgab = κTab + ᾱρgab (24)

ds2 = −dτ2 + a2(τ )
�
dx2 + dy2 + dz2

�
⊕ ψ(τ )ds2 = −dτ2 + a2(τ )

�
dx2 + dy2 + dz2

�
⊕ ψ(τ )ds2 = −dτ2 + a2(τ )

�
dx2 + dy2 + dz2

�
⊕ ψ(τ )

(25)
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Step 11: The Solution

ds̃2 =
�
−dτ2 + τ10/9(dx2 + dy2 + dz2)

�
ds̃2 =

�
−dτ2 + τ10/9(dx2 + dy2 + dz2)

�
ds̃2 =

�
−dτ2 + τ10/9(dx2 + dy2 + dz2)

�

⊕ (aτn+ + bτn−)⊕ (aτn+ + bτn−)⊕ (aτn+ + bτn−) (26)

a(τ ) = τ5/9a(τ ) = τ5/9a(τ ) = τ5/9 (27)

ψ = aτn+ + bτn−ψ = aτn+ + bτn−ψ = aτn+ + bτn− (28)

n+ = −1

3
+

�
1

9
+ βn+ = −1

3
+

�
1

9
+ βn+ = −1

3
+

�
1

9
+ β (29)

and

n− = −1

3
−

�
1

9
+ βn− = −1

3
−

�
1

9
+ βn− = −1

3
−

�
1

9
+ β (30)

Effective expansion function A(v, τ ):

A(v, τ ) =
�

v2τ10/9 + aτn+ + bτn−A(v, τ ) =
�

v2τ10/9 + aτn+ + bτn−A(v, τ ) =
�

v2τ10/9 + aτn+ + bτn− (31)

Many possible cosmologies, including dark energy
cosmologies and inflaton-like “pre-expanded” cos-
mologies.
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Scalar Potential May Provide Extra Attraction 


