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Gravitation and Quantum 
Mechanics

• There has not been very much work on the interplay of gravity and 
quantum mechanics. 

• Here I do not mean quantum gravity, but the effect of gravity on a 
quantum mechanical system. 

• The reason is probably that the effects are very weak.  The 
gravitational coupling constant is 

• This combination has units of inverse Newtons, and in the MKS 
system it is numerically of the order  

• However the gravitational potential is also proportional to the 
product of the two masses involved.  

• The interaction of gravitation with a quantum mechanical system in 
the lab has only recently been observed.
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Q-bounce
• The Q-bounce experiment, which stands for quantum 

bouncer, was proposed and carried out in the last ten years 
•Here a system of ultra cold neutrons were observed. 
•Ultra cold neutrons are normally defined to have a kinetic 

energy of less that 300 neV, and they are unable to 
penetrate into the solid material walls of a vessel, they 
bounce off the walls, and are in fact contained. 

• If they are further distilled in energy so that the kinetic 
energy is in the few peV range, then they start to feel the 
gravitational potential due to the earth. 

• The energy levels of the Schrödinger equation are easily 
found.



•The Schrödinger equation is: 

•The energy eigenfunctions are: 

•In numbers, the energy levels are approximately given by:
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The energy of this eigenstate is of course m

N

gz0↵n

. The ↵

n

are known numerically to

arbitrarily high accuracy, however, the Bohr-Sommerfeld approximation [5, 8] is surprisingly

accurate and useful as it yields an analytic formula:
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GRAVITATIONAL PERTURBATION

Spherical perturbation

The gravitational perturbation that we imagine the system is subjected to, corresponds to

the effect of a macroscopic mass, M , brought as close as possible to the system of neutrons,

and subjected to oscillatory motion at exactly the frequency corresponding to a resonance.

It is simplest to imagine the mass M as a spherical body, of density ⇢ and radius ⇣0,which

is brought to a position ⇣ on the z axis, above the system of neutrons. Its height varies

as a ⇣(t) = ⇣0 + �⇣ + �⇣cos(!t), in this way it just grazes the ultra cold neutrons at its

minimum height. The distance from a neutron at position z is of course ⇣(t)� z. Then the

perturbing potential is:

W (t, z) =

Gm

N

M

⇣(t)� z

⇡ W1(z)��⇣W2(z)cos(!t) (4)

where W1(z) =

GmNM

(⇣0+�⇣�z) and W2(z) =

GmNM

(⇣0�z)2 (to first order in �⇣). The first term can

be treated by time-independent perturbation theory while the second term needs the time-

dependent theory. The relevant time dependent perturbation theory is that which computes
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It is simplest to imagine the mass M as a spherical body, of density ⇢ and radius ⇣0,which

is brought to a position ⇣ on the z axis, above the system of neutrons. Its height varies

as a ⇣(t) = ⇣0 + �⇣ + �⇣cos(!t), in this way it just grazes the ultra cold neutrons at its

minimum height. The distance from a neutron at position z is of course ⇣(t)� z. Then the

perturbing potential is:

W (t, z) =

Gm

N

M

⇣(t)� z

⇡ W1(z)��⇣W2(z)cos(!t) (4)

where W1(z) =

GmNM

(⇣0+�⇣�z) and W2(z) =

GmNM

(⇣0�z)2 (to first order in �⇣). The first term can

be treated by time-independent perturbation theory while the second term needs the time-

dependent theory. The relevant time dependent perturbation theory is that which computes

3



Trapping UCN‘s in the 
earth‘s gravitational field
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Schrödinger equation:
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boundary conditions:

En En

1st state 1.41peV 1.41peV

2nd state 2.46peV 2.56peV

3rd state 3.32peV 3.97peV
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Experimental overview of Q-
bounce

Q-Bounce – An Overview

• successor of the gravity experiments at PF2/ILL (1998-2005)
[ILL (Grenoble), Physikalisches Institut (Heidelberg), PNPI (St. Petersburg), JINR (Dubna)]

• completely new, portable setup
• designed and constructed at Physikalisches Institut in Heidelberg in 2007/08
• improvements:

• stability of the setup vacuum chamber
neutron mirror setup
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• 1st run:  2008 at PF2/ILL (45 days)
• 2nd run: 2009 at PF2/ILL (50 days)

today: 
focus on neutron mirror setup

and 1st run

• quality of the neutron mirrors
• quality of our track detectors
• automated read-out procedure

active and passive antivibration control

granite table

inclination control

beam pipe
collimating blades

neutron mirror setup

detector
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Q-Bounce:
The Neutron Mirror Setup
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• The neutron scatterer serves as a filter, removing all neutrons 
that can rise to a specified height above the base. 

• If the height of the scatterer is less than the mean height of the 
neutrons in the lowest quantum state, essentially no neutrons 
can pass.  As the height is raised, first only those in the first 
level pass, subsequently those in the second level and so on. 

Such a nonspecular reflection mixes horizontal and vertical
velocity components and increases strongly the frequency of
their collisions with the absorber. This mechanism allows to
reject neutrons with a vertical velocity component, which is
high enough to reach the absorber.
A classical estimation for the distance !l between two

subsequent collisions of a neutron with the bottom mirror "if
it does not touch the absorber# is

!lCL!2•Vhor•!2•h0
g , "2#

where h0 is the maximal elevation of a neutron in the gravi-
tational field and Vhor is the horizontal velocity component.
For our neutron spectrum, if the mirror and the absorber

are longer than $10 cm then neutrons cannot pass through
"in the classical approximation#, without touching the bottom
mirror and/or the absorber at any actually used absorber
height. This condition allows to estimate the minimal mirror
length which is sufficient for shaping the spectrum of the
vertical velocity components. The uncertainty principle pro-
vides an even shorter value for the minimal mirror length
needed to resolve different quantum states "Refs. %5–7&#:

FIG. 5. "a# The dependence N(!h) for two bottom mirrors with the length of 6 cm. The solid circles show the data measured in the
detector discrimination window ‘‘counting of all events.’’ The solid curve fits these data with the classical dependence. The open circles
correspond to the data measured in the ‘‘peak’’ discrimination window. The dotted curve fits these data with the classical dependence. The
horizontal straight lines show the detector background values and their uncertainties measured with the reactor ‘‘off.’’ The present data were
measured in four sets. In every set the height was varied from zero to the maximum value. "b# The dependence N(!h) for the bottom mirror
with the length of 10 cm. The data and the fits are analogous to those shown in "a#. The much lower "recall the logarithmic scale# triangles
show the data measured with inverse geometry: the absorber on the bottom and a 10 cm mirror on top. The dash-dotted line corresponds to
a dependence N(!h) calculated for inverse geometry. "c# The summed dependence N(!h). Four measurements with two 6 cm mirrors, two
other measurements after complete readjustment of the setup, and three measurements with a 10 cm bottom mirror are included. The data are
summed up in intervals of 2 'm. The solid circles correspond to the data measured in the discrimination window ‘‘counting of all events.’’
The open circles correspond to the data measured in the ‘‘peak’’ discrimination window. The stepwise broad curves correspond to the fits
using NQM(!h) dependence with idealized energy resolution. The dotted curve corresponds to NQM,0(!h) dependence for the discrimination
window ‘‘counting of all events.’’ The solid smooth curve corresponds to the classical dependence NCL(!h) for the same data.

NESVIZHEVSKY et al. PHYSICAL REVIEW D 67, 102002 "2003#
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• One can induce transitions between the quantum levels by 
driving the system with an external perturbation. 

• Neutrons notoriously have no interactions. 
• Q-bounce realized that by vibrating the base at the resonant 

frequency corresponding to the difference in energy levels, 
about 600Hz, they could induce transitions.

electric-dipole moments and in constructions of sensitive
magnetometers. The sensitivity is extremely high, because
a quantum mechanical phase shift is converted into a
frequency measurement. The sensitivity reached so far
[26] in a search for the electric-dipole moment of the
neutron is 6:8! 10"22 eV, or one Bohr rotation within 6
days. Regeneration experiments are also a nice application
of this method e.g. in the neutral kaon system, where the
complex regeneration amplitude interferes with the com-
plex CP-violating parameter.

In analogy to these examples from electrodynamics, we
discuss here an application of Ramsey’s method to probe
the eigenstates in the gravity potential. Such a technique
should open a new way to precision gravity experiments,
and we propose to apply it to quantum states of neutrons or
atoms in the gravitational field of the Earth. Here, we are
sensitive to energy shifts of a Schrödinger wave packet
bouncing off a hard surface. Such energy shifts are ex-
pected from hypothetical gravitylike forces in the light of
recent theoretical developments in higher-dimensional
field theory and will allow searches for pseudoscalar cou-
pling of axions in the previously experimentally unacces-
sible astrophysical axion window [27,28]; see Sec. III. Our
method will allow a precise measurement of energy dif-
ferences with a precision similar to the magnetic resonance
technique. With a four-layer mu-metal shield, the coupling
of residual fluctuations of the magnetic field to the mag-
netic moment of the neutron can be suppressed to the
10"22 eV level as it has been demonstrated in a search
for an electric-dipole moment [26]. Other electromagnetic
effects are extremely suppressed compared to gravity [27].
A prerequisite of this method is the coherent superposition
of bound quantum states over the full length scale of the
experiment. In the qBOUNCE experiment, the time evolu-
tion of the spatial probability distribution of such a super-
position was studied over a length of 6 cm and quantum
interference was observed [4,5].

II. RAMSEY’S METHOD AND ITS APPLICATION
TO GRAVITY POTENTIALS

A quantum mechanical system that is described by two
states can be understood in analogy to a spin 1=2 system
(assuming two states of a fictitious spin in the multiplet,
similarly to spin up and spin down states). The time
development of such systems is described by the Bloch
equations. In magnetic resonance of a standard spin 1=2
system, the energy splitting results in the precession of the
related magnetic moment in the magnetic field. Transitions
between the two states are driven by a transverse magnetic
radio frequency field. Similar concepts can be applied to
any driven two-level system, e.g. in optical transitions with
light fields. Here, we apply this picture to quantum states in
the gravity field.

We start with a short description of Rabi’s method [17]
to measure the energy difference between a two-level

system with a coupled oscillating field. With !pq, the
frequency difference between the two states, !, the fre-
quency of the driving field,!R, the Rabi frequency and the
time t, the Hamiltonian H is given by

H ¼
@!pq

2
1
2 @!Re

"i!t

1
2 @!Re

i!t "@!pq

2

 !
: (1)

The probability of being found in the excited state as a
function of time is

PðtÞ ¼
!
!R

!0
R

"
2
sin2

!
!0

R

2
t
"
; (2)

where the effective Rabi frequency is

!0
R ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!2

R þ ð!pq "!Þ2
q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!2

R þ !2
q

; (3)

with detuning ! from resonance. The sinusoidal population
transfer is referred to as Rabi flopping. It has been pro-
posed to measure the energy levels of a neutron in the
gravitational field of the Earth with this method (GRANIT
experiment [29,30]). The periodic drive is given by neu-
trons moving through a spatially oscillating magnetic field
created by horizontal conducting wires.
As we will show below, one can drive transitions be-

tween quantum states in gravity above the mirror by vi-
brating the mirror surface.
Lets consider the motion of ultracold neutrons in the

gravitational field above a mirror. We assume the gravita-
tional force to act in z direction, while the mirror is aligned
with the xy plane, vibrating with amplitude a in the z
direction. The motion in the x and y directions is free
and completely decouples from that in z direction. It
suffices therefore to consider the time-dependent
Schrödinger equation restricted to the z direction
$
" @2
2m

@2

@z2
þmgzþ V0"ð"zþ a sin!tÞ

%
# ¼ i@ @#

@t
:

(4)

Here, g is the acceleration of gravity, m is the mass of the
neutron, and " is the Heaviside step function. The poten-
tial V0 ' 100 neV associated with the substance of the
mirror is repulsive and much larger than eigenenergies of
the lowest quantum states in the gravitational field.
Therefore, Eq. (4) must be solved with the boundary
condition #ðz ¼ a sin!t; tÞ ¼ 0. For further considera-
tions, it is preferable to introduce ~z ¼ z" a sin!t and to
transform Eq. (4) into the rest frame of the mirror,

fH0 þWð~z; tÞg ~# ¼ i@ @ ~#
@t

; (5)

where

H0 ¼ " @2
2m

@2

@~z2
þmg~zþ V0"ð"~zÞ; (6)
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tial V0 ' 100 neV associated with the substance of the
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Experimental setup: Ramsey oscillations

Wð~z; tÞ ¼ a
!
mg sin!tþ i@! cos!t

@

@~z

"
; (7)

and ~!ð~z; tÞ ¼ !ðz; tÞ.
The Hamiltonian H0 describes the neutron in the gravi-

tational field above a mirror at rest. The corresponding
stationary Schrödinger equation is conveniently scaled by
the characteristic gravitational quantum length scale [9] of
the bouncing neutron

z0 ¼
# @2
2m2g

$
1=3

¼ 5:88 !m; (8)

resulting in

c 00ð"Þ % ð" % "EÞc ð"Þ ¼ 0; (9)

where " ¼ z=z0, "E ¼ zE=z0, and zE ¼ E=mg.
The second termWð~z; tÞ accounts for the vibration of the

mirror surface.
The solution of Eq. (5) can be expressed in terms of the

eigenfunctions c nðzÞ of H0

!ðz; tÞ ¼
X

n

CnðtÞe%iEnt=@c nðzÞ (10)

with time-dependent coefficients CnðtÞ.
Using this ansatz, projection of Eq. (5) on the eigenstates

of H0 yields a system of differential equations for the
coefficients CnðtÞ

i@ & d
dt

CnðtÞ ¼
X

k

hc njWjc ki & CkðtÞ & ei!nkt: (11)

The transitions between different quantum states is gov-
erned by the matrix elements of Wð~z; tÞ defined in (7)

hc njWjc ki ¼ a½mg#n;k sin!tþ i@!Qn;k cos!t(; (12)

with

Qn;k ¼
Z 1

0
dzc nðzÞ

d

dz
c kðzÞ: (13)

The relevant overlap integrals Qn;k for the transitions be-
tween the lowest eigenstates in the gravitational field are
given in Table I.

The physics behind the transitions between the energy
eigenstates of the quantum bouncer caused by a vibrating
mirror or an oscillating potential is related to earlier studies

of energy transfer when matter waves bounce of a vibrating
mirror [31–34] or on a time-dependent crystal [35–37]. In
the later cases, the transitions are between continuum
states, in the quantum bouncer between discrete eigen-
states. Most interesting for our proposal to drive transitions
between eigenstates of the quantum bouncer with a vibrat-
ing mirror is the physics of reflection of a neutron by an
oscillating potential step as has been investigated at the
research reactors Munich and Geesthacht [33], however in
a different energy regime.
Applying Ramsey’s resonance method with separated

oscillating fields will allow a careful measurement of the
energy eigenstates states of the quantum bouncer [38]. We
propose to implement it with neutrons by traversing five
regions as shown in Fig. 2. The horizontal direction in
space is considered as free motion, while the vertical one
is described by a one-dimensional time-dependent
Schrödinger equation [see e.g. Eq. (4)].
To implement Ramsey’s method, one has to realize (1) a

state selector, (2) a region, where one applies a $=2 pulse
creating the superposition of the two states, whose energy
difference should be measured, (3) a region, where the
phase evolves, (4) a second region to read the relative
phase by applying a second $=2 pulse, and finally, (5) a
state detector.
In the following, we will describe all these components

as they are shown in Fig. 2.
In region one, neutrons are prepared in a specific quan-

tum state jpi in the gravity potential following the proce-
dure demonstrated in [10]. A polished mirror on bottom
and a rough absorbing scatterer on top at a height of about
20 !m is a realization of a state selector. It prepares
neutrons into the ground state. Neutrons in higher, un-
wanted states are scattered out of the system and absorbed
i.e. C1 ¼ 1 and Cn ¼ 0 for n > 1. A quantum mechanical
description of such a system can be found in [13]. The
neutron passage through a mirror-scatterer system has also
been studied in a frame, where the rough scatterer surface

TABLE I. Relevant overlap integrals Qn;k defined in Eq. (13)
for the five lowest eigenstates in the gravitational field in !m%1.

k ¼ 1 k ¼ 2 k ¼ 3 k ¼ 4 k ¼ 5

n ¼ 1 0.00000 0.09742 %0:05355 0.03831 %0:03040
n ¼ 2 %0:09742 0.00000 0.11894 %0:06314 0.04419
n ¼ 3 0.05355 %0:11894 0.00000 0.13458 %0:07031
n ¼ 4 %0:03831 0.06314 %0:13458 0.00000 0.14724
n ¼ 5 0.03040 %0:04419 0.07031 %0:14724 0.00000

Region 4
Quantum state |q>

Region 2
Region 3

Region 1

Region 5

Mirror 1
and scattereron top

Mirror 2
with coupledoscillator,flight path l

Mirror 3,
flight path L Mirror 4

with coupledoscillator,
flight path l

Mirror 5 
and scattereron top

Neutron flight path

?

Coherent superpositionof |p> and |q> 

Energy

Quantum state |p>

FIG. 2 (color online). Sketch of the proposal. Region 1:
Preparation in a specific quantum state, e.g. state one with
polarizer. Region 2: Application of first $=2-flip. Region 3:
Flight path with length L. Region 4: Application of second
$=2 flip. Region 5: State analyzer.
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• In region 1, the neutrons are filtered so that only those in ground 
state may pass. 

• In region 2, the system is driven by vibrating the base at the 
resonant frequency, with                         which creates a 
superposition with equal amplitude. 

• In region 3, the neutrons are in a coherent superposition of two 
states over a flight path of length L. 

• In region four, another                         resonant pulse by vibrating 
the base, is applied which exactly reverses the coherent 
superposition. 

• In region 5, the neutron state is analyzed via an identical state 
selector as in region 1 with a neutron counter at the end.

⌦⌧ = ⇡/2

⌦⌧ = ⇡/2



Gravitationally Induced Quantum 
Transitions

• The neutrons are non-interacting except for the interaction 
with the base (phonons) and the interaction with the earth’s 
gravitational field. 

• In the previous experiments, transitions were induced by 
modulating the base, using the interactions with phonons. 

• We asked is it also possible to induce transitions by 
modulating the gravitational field. 

• At first thought, it seemed that this would be impossible, that 
the gravitational interaction is of almost negligible strength. 

• Surprisingly, this is not true, and we find that it is in 
principle possible to induce transitions using gravity.



Relative strengths of gravitational 
fields

• A quick comparison with the earth’s gravitational field and 
that of a local mass source is easy: 

• while a 10kg gold sphere has a radius of 5 cm, gives and 
acceleration: 

• which is much smaller, but not absurdly so!
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Perturbing Hamiltonian
• We imagine a gold ball of 10kgs brought 5cm above a 

system of ultra cold neutrons and oscillated with the 
frequency corresponding to resonance between two states of 
the neutrons.  Its height above the base is given by: 

• The perturbation then is: 

• where:
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The energy of this eigenstate is of course m
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are known numerically to

arbitrarily high accuracy, however, the Bohr-Sommerfeld approximation [5, 8] is surprisingly
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GRAVITATIONAL PERTURBATION

Spherical perturbation

The gravitational perturbation that we imagine the system is subjected to, corresponds to

the effect of a macroscopic mass, M , brought as close as possible to the system of neutrons,

and subjected to oscillatory motion at exactly the frequency corresponding to a resonance.

It is simplest to imagine the mass M as a spherical body, of density ⇢ and radius ⇣0,which

is brought to a position ⇣ on the z axis, above the system of neutrons. Its height varies

as a ⇣(t) = ⇣0 + �⇣ + �⇣cos(!t), in this way it just grazes the ultra cold neutrons at its

minimum height. The distance from a neutron at position z is of course ⇣(t)� z. Then the

perturbing potential is:
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(⇣0�z)2 (to first order in �⇣). The first term can

be treated by time-independent perturbation theory while the second term needs the time-

dependent theory. The relevant time dependent perturbation theory is that which computes
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Transition Probability
• The simple formula for transitions to first order is: 

• The time integral is elementary:

the probability of transitions between two isolated, discrete levels. As we have noted, the

energy differences, and hence the relevant frequencies between any two levels are distinct,

as the energy spectrum is non-linear. Therefore the relevant transitions will be essentially

restricted to a two level system. With an oscillatory driving force, the system in [9] experi-

ences Rabi oscillations [10] and the neutron moves sinusoidally from one state to the other.

However, in our case, the perturbation is not the same as what is required for Rabi oscil-

lations. Indeed, we will find that the proper approximation to do is to calculate the short

time transition rate between the two levels. Such a calculation neglects the probability of

the transition back to the original state, which is valid if very few transitions occur. Then,

the fact that transitions have occured will be observable only if there are many neutrons

available. We will see that this is indeed the case.

The first term of (4) is to be treated by time-independent perturbation theory. This will

give perturbed static energy levels and eigenfunctions. The second term will in principle

provoke transitions between these perturbed levels. Since the time dependent perturbation

is already very small, it will not be necessary or even consistent to take into account any

corrections to the energy levels due to the static perturbation. Thus we will simply disregard

the static perturbation.

For the time-dependent term of equation (4), assuming the driving force is started at

t = 0, the probability of transition between two levels, n and m is given by
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This expression is usually only valid for short times, but is in fact valid as long as no

appreciable amount of transitions have been made. If the level to which transitions are

made begins to be macroscopically occupied, then we must take into account the transitions

back to the original level. The expression Eqn. (6) does not take into account return
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• While the spatial integral is obtained via: 

• With 

• Which gives:

transitions, which are being neglected. The time dependence is essentially quadratic with a

slight oscillation about the parabola. The over all transition rate is controlled by the spatial

matrix elements in Eqn. (6).

The time-independent integrals correspond to:
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The integral can be found in [7], we get for the case m 6= n
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and substituting for the normalization from Eqn. (2), the derivatives of the Airy function

nicely cancel and we find
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We note that ⇣0 neatly cancels, and the effective perturbation only depends on the density

of the perturbing mass, not on its total mass.

Cylindrical perturbation

Although the spherical perturbation gives an interesting result, experimentally, the sphere

will be directly above only a small number of neutrons. Hence the possibility of exciting

transitions will be restricted. It is reasonable to see what will be the effect of a horizontally

extended mass. First we try cylindrical mass M of radius ⇣0 and length L and density ⇢.

We will get a perturbation of the following form:
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We note that ⇣0 neatly cancels, and the effective perturbation only depends on the density

of the perturbing mass, not on its total mass.

Cylindrical perturbation

Although the spherical perturbation gives an interesting result, experimentally, the sphere

will be directly above only a small number of neutrons. Hence the possibility of exciting

transitions will be restricted. It is reasonable to see what will be the effect of a horizontally

extended mass. First we try cylindrical mass M of radius ⇣0 and length L and density ⇢.

We will get a perturbation of the following form:
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transitions, which are being neglected. The time dependence is essentially quadratic with a
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We note that ⇣0 neatly cancels, and the effective perturbation only depends on the density

of the perturbing mass, not on its total mass.

Cylindrical perturbation

Although the spherical perturbation gives an interesting result, experimentally, the sphere

will be directly above only a small number of neutrons. Hence the possibility of exciting

transitions will be restricted. It is reasonable to see what will be the effect of a horizontally

extended mass. First we try cylindrical mass M of radius ⇣0 and length L and density ⇢.
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Transition probability
• This gives the transition probability: 
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We note that ⇣0 neatly cancels, and the effective perturbation only depends on the density

of the perturbing mass, not on its total mass.

Cylindrical perturbation

Although the spherical perturbation gives an interesting result, experimentally, the sphere

will be directly above only a small number of neutrons. Hence the possibility of exciting

transitions will be restricted. It is reasonable to see what will be the effect of a horizontally

extended mass. First we try cylindrical mass M of radius ⇣0 and length L and density ⇢.

We will get a perturbation of the following form:
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We note that ⇣0 neatly cancels, and the effective perturbation only depends on the density

of the perturbing mass, not on its total mass.

Cylindrical perturbation

Although the spherical perturbation gives an interesting result, experimentally, the sphere

will be directly above only a small number of neutrons. Hence the possibility of exciting

transitions will be restricted. It is reasonable to see what will be the effect of a horizontally

extended mass. First we try cylindrical mass M of radius ⇣0 and length L and density ⇢.

We will get a perturbation of the following form:
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We note again that the effective perturbation only depends on the density of the perturbing

mass, and not on its total mass.
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transitions, which are being neglected. The time dependence is essentially quadratic with a

slight oscillation about the parabola. The over all transition rate is controlled by the spatial

matrix elements in Eqn. (6).
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We note that ⇣0 neatly cancels, and the effective perturbation only depends on the density

of the perturbing mass, not on its total mass.

Cylindrical perturbation

Although the spherical perturbation gives an interesting result, experimentally, the sphere

will be directly above only a small number of neutrons. Hence the possibility of exciting

transitions will be restricted. It is reasonable to see what will be the effect of a horizontally

extended mass. First we try cylindrical mass M of radius ⇣0 and length L and density ⇢.

We will get a perturbation of the following form:
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We note that ⇣0 neatly cancels, and the effective perturbation only depends on the density

of the perturbing mass, not on its total mass.

Cylindrical perturbation

Although the spherical perturbation gives an interesting result, experimentally, the sphere

will be directly above only a small number of neutrons. Hence the possibility of exciting

transitions will be restricted. It is reasonable to see what will be the effect of a horizontally

extended mass. First we try cylindrical mass M of radius ⇣0 and length L and density ⇢.

We will get a perturbation of the following form:
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Numerical values
• The probability increases quadratically with time.  However 

the pre-factor is very small, so that we will not build up 
appreciable excited neutrons.  for the following parameters: 

• and for transitions between the first two levels 

• We find the pre-factor: 

• Thus the system can be driven for a long time before we 
build up an appreciable number of excited neutrons.

Planar perturbation

We can do the same exercise but now with a planar slab giving the perturbation. Here,

as makes sense in hindsight, there is no effect. The potential of a planar mass distribution

is linear in the separation:
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where A is the area of the slab, which is assumed of much greater linear dimension than the

distance to the neutrons. As the slab will always be above the neutrons, the absolute value

signs are dropped. Then we see that the time dependent perturbation does not involve z in

any way. Thus it will not induce any transitions between different levels. This makes intuitive

sense, even though the Schrödinger equation only contains the potential, physically, the force

on the neutrons does not vary with the height of the slab and therefore no transitions are

induced between the energy levels of the the neutrons.

NUMERICAL VALUES AND EXPERIMENTAL POSSIBILITIES

The numerical value of the pre-factor in Eqn. (6) depends on experimental choices. The

transition probabilities depend only on the density and not on the total mass. However,

we have always assumed that ⇣0 � �⇣ or z0. We will take the most favourable values

imaginable M = 10 kg, a sphere of gold will have just under 5 cm radius, hence we can take

⇣0 = 5 cm and �⇣ = .5 cm to find the order of magnitude of the pre-factor. Then with the

values for G = 6.67 ⇥ 10

�11 Nt m2/kg2, ~ = 1.054 ⇥ 10

�34 Joule sec, m
N

= 1, 67 ⇥ 10
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�6 m (which is a characteristic length for the system of neutrons),
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(↵2 � ↵1) = 1.64 we get:
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sense, even though the Schrödinger equation only contains the potential, physically, the force

on the neutrons does not vary with the height of the slab and therefore no transitions are

induced between the energy levels of the the neutrons.

NUMERICAL VALUES AND EXPERIMENTAL POSSIBILITIES

The numerical value of the pre-factor in Eqn. (6) depends on experimental choices. The

transition probabilities depend only on the density and not on the total mass. However,

we have always assumed that ⇣0 � �⇣ or z0. We will take the most favourable values

imaginable M = 10 kg, a sphere of gold will have just under 5 cm radius, hence we can take

⇣0 = 5 cm and �⇣ = .5 cm to find the order of magnitude of the pre-factor. Then with the
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Ideal pumping time
• The neutrons are unstable, they decay with a mean lifetime 

of 880 sec. 

• But the transition probability increases quadratically in time, 
thus the function to maximize is: 

• This occurs exactly in two lifetimes: 
• Then the time dependent terms becomes: 

• Which gives a probability of transitions:

The cylinder of 150 kg per meter of length has a lightly higher transition probability com-

pared to the 10 kilograms sphere transition probability. The geometry of the mass distri-

bution has a non-negligible effect on transition probabilities for a neutron system. But, for

cylinder, we may work with a greater quantity of ultra-cold neutrons than with spherical

situation.

For the sphere of mass 10 kg, it is very small, however, in principle, we can drive the

system for a long time. The neutron lifetime ⌧ is about ⌧ = 880 seconds, that is the number

of neutrons diminishes exponentially

N = N0e
�t/⌧

. (22)

But the probability of transition increases quadratically (with time with an oscillatory vari-

ation that we can neglect) from Eqn. (11). Hence the function to maximize is t2e�t/⌧ which

occurs at t = 2⌧ . Thus with an initial, large number of neutrons, N0, we can optimally

pump the system for twice the lifetime. This yields a factor of (2 ⇥ 880)

2
= 3.10 ⇥ 10

6sec2

which gives a transition probability of 1.06 ⇥ 10

�5 from Eqn. (11) substituting from Eqn.

(20). Thus if the initial number of neutrons is say N0 = p⇥e

2⇥10

5, where p an integer could

be up to 100, then we will have p⇥ e

2 ⇥ 10

5
/e

2
= p⇥ 10

5 neutrons left, after two lifetimes.

Then this implies that we would have, on average, induced p transitions of neutrons.

For UCN properties, we have as loss rate per bounce of about 1.13⇥ 10

�
5 neutrons with

velocity of 5 m/s and a scale length of 10 centimeters, similar scale to [11]. If we do the

following calculation: L/(v

max

⇥ lossrate) = 0.1/(5 ⇥ 1.13 ⇥ 10

�5
) = 1770 = 2⌧

neutron

, we

arrive to our time scale. But, we have also falls on lower surface almost each milliseconds

if vertical velocity is in order of 10�2 m/s and gravitational acceleration is 9.8 m/s

2. Over

one limetime of neutron, we may have until 5.3⇥ 10

5 falls.

The experimental set up for observing the transitions should be quite straightforward.

We simply imagine the neutrons captured in an open box with sides of height h 1|z| 1i =
2↵1z0

3 ⇡ 9.16 microns. Then neutrons in the first energy level will be confined inside the box

but any neutrons that have been promoted to higher levels, will of course not be trapped

inside the box, and will fall over the edge and outside. Observing any neutrons outside

would be proof that the gravitational perturbation has provoked transitions.
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pump the system for twice the lifetime. This yields a factor of (2 ⇥ 880)

2
= 3.10 ⇥ 10

6sec2

which gives a transition probability of 1.06 ⇥ 10

�5 from Eqn. (11) substituting from Eqn.

(20). Thus if the initial number of neutrons is say N0 = p⇥e

2⇥10

5, where p an integer could

be up to 100, then we will have p⇥ e

2 ⇥ 10

5
/e

2
= p⇥ 10

5 neutrons left, after two lifetimes.

Then this implies that we would have, on average, induced p transitions of neutrons.

For UCN properties, we have as loss rate per bounce of about 1.13⇥ 10

�
5 neutrons with

velocity of 5 m/s and a scale length of 10 centimeters, similar scale to [11]. If we do the

following calculation: L/(v

max

⇥ lossrate) = 0.1/(5 ⇥ 1.13 ⇥ 10

�5
) = 1770 = 2⌧

neutron

, we

arrive to our time scale. But, we have also falls on lower surface almost each milliseconds

if vertical velocity is in order of 10�2 m/s and gravitational acceleration is 9.8 m/s

2. Over

one limetime of neutron, we may have until 5.3⇥ 10

5 falls.

The experimental set up for observing the transitions should be quite straightforward.

We simply imagine the neutrons captured in an open box with sides of height h 1|z| 1i =
2↵1z0

3 ⇡ 9.16 microns. Then neutrons in the first energy level will be confined inside the box

but any neutrons that have been promoted to higher levels, will of course not be trapped

inside the box, and will fall over the edge and outside. Observing any neutrons outside

would be proof that the gravitational perturbation has provoked transitions.
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Here we have set the zero of the potential so that it vanishes at z = 0 and �⇣ = 0. Although

when considering gravitational effects, the zero of the potential is not irrelevant, for the case

of transitions, it obviously does not matter. We decompose Eqn. (12) in its Fourier series,

and infact we are only interested in the first harmonic. The coefficient of cos(!t) is given

by:

⇡

!

Z 2⇡/!

0

dt cos (!t) ln

✓
1� z

⇣0
+

�⇣

⇣0
+

�⇣

⇣0
cos (!t)

◆
=

✓
�⇣

⇣0 � z

◆
(13)

to first order in �⇣. Evidently the sine components do not contribute. Hence the perturba-

tion Eqn.(12) effectively becomes

W

cyl

(z, t) =

GMm

N

�⇣

L (⇣0 � z)

cos (!t)

= W

cyl

(z) cos (!t) (14)

From the time-dependent term, we obtain the same expression as (7), while the spatial

matrix elements for a transition between state m to state n is given by

h 
n

|W
cyl

(z)| 
m

i = (GMm

N

�⇣)

L

⌧
 

n

����
1

⇣0 � z

���� m

�

=

GMm

N

�⇣

L⇣

2
0

h 
n

|z| 
m

i (15)

The matrix element is the same as in Eqn. (8)

h 
n

|z| 
m

i = � 2z0

(↵

n

� ↵

m

)

2 (16)

thus we find
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m
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2
0 (↵n

� ↵

m

)

2 . (17)

Then the expression for the transition probability is given by

P12(t) =
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)
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+ t

✓
sin (2!t)

!

◆
+ t

2
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)
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#

(18)

We note again that the effective perturbation only depends on the density of the perturbing

mass, and not on its total mass.

6



Experimental feasibility
• Ultra-cold neutrons are defined to those that are totally 

reflected out of material containers, their energies are of the 
order of  

• These neutrons can now be produced with densities of the 
order of             in containers of size of the order of a cubic 
meter to a tenth of a cubic meter. 

• This gives of the order of 10 to 100 million UCNs. 
• However we need very much colder UCN, with energies of 

the order of a few   
• The Q-bounce experiments were done with about 4500, very 

cold UCN. 
• Thus the notion of obtaining around a million very cold UCN 

is not absurd!
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Experimental feasibility

• However, another difficulty is the long time required to get 
an appreciable number of transitions.  

• The UCN’s are easily up-scattered due to impurities on the 
surface of the container and imperfections. 

• They also have a transmission probability of actually 
entering the walls of the container.  The loss rate from the 
wall is around             per collision.  However, this is very 
sensitive to the neutron kinetic energy, and is the value that is 
relevant for                 UCN’s. 

• This yields a storage time of only about 100-200 sec. 
• However, for the very cold UCN’s that we require, this 

storage time will be substantially longer.
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