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Conformastationary spacetimes ar

stationary spacetimes with a conformally flat space of orbits,
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Conformastationary spacetimes ar

stationary spacetimes with a conformally flat space of orbits,

and cONformastatic spacetimes comprises

the static subset .
(Synge, Relativity: The General Theory, 1960. )

d82 _ _62€2¢(r,z)dt2 + €—2¢(T,z) (d?“Q + d2’2 + er(pQ) )
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Conformastatic line element:
ds? = —c2e20(r2) gg2 4 6_2¢(T’Z)(d1"2 + d2? + r2dp?)
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Conformastatic line element:
ds? = —c2e20(r2) gg2 4 6_2¢(T’Z)(d1"2 + d2? + r2dp?)

_|_
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Conformastatic line element:
ds? = —c2e20(r2) qi2 4 o—2¢(r,2) (dr? + d22 + r2dyp?)

_|_
Magnetic potential:

Ay = (0,0,0, Ay(r, 2))
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Conformastatic line element:
ds? = —c2e20(r2) qi2 4 o—2¢(r,2) (dr? + d22 + r2dyp?)

_|_
Magnetic potential:
Ao = (0,0,0, Ap(r, 2))
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Conformastatic line element:
ds? = —c2e26(r2) g2 4 e~ 262 (dr? 4 dz? + r2dp?)

_|_
Magnetic potential:
Ao = (0,0,0, Ap(r, 2))

Magnetized conformastatic space-time
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Conserved quantities

. E
Energy E: p = —mee®i= -
Angular Momentum L: p, = mrie 2%+ %A¢ =
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Conserved quantities

. E
Energy E: p = —mee®i= -
Angular Momentum L: p, = mrie 2%+ %A¢ =
pocpa = _27
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Conserved quantities

g E
Energy E: p; = —mce®i=—-—,
G
Angular Momentum L: p, = mrie 2%+ %Aw =1,
pap® = —L,

0, null curves,
—2e®2 + 72 (72 4 22 4+ 129%) = —% = { —¢2, time-like curves,
c?, space-like curves.
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Conserved quantities

g E
Energy E: p; = —mce®i=—-—,
G
Angular Momentum L: p, = mrie 2%+ %Aw =1,
pap® = —L,

0, null curves,
—2e®2 + 72 (72 4 22 4+ 129%) = —% = { —¢2, time-like curves,
c?, space-like curves.

A E2
The equatorial plane (z = 0) : 7 + & = —
[ i _ L 94y : 4¢ 2
Effective potential : &(r) = 3 (1 = ?> el 4 Y29
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Circular Orbits

Conditions for the occurrence of circular orbits are

d® E?
®_0, o= 1
dr ’ m2c? (1)
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Circular Orbits

Conditions for the occurrence of circular orbits are
dd E?

dr m2e2’

Angular momentum of the particle in circular motion:

qA, qrAqJ re?+ \/ (qra,, re¢) —4¥m?r3¢, 2r¢, — 1)
c 2ce? (2r¢, — 1) i

Lc:l:

(@)
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Circular Orbits

Conditions for the occurrence of circular orbits are

EQ
@ g o= (1)
dr

m2c?
Angular momentum of the particle in circular motion:

A, qrA ~e? £ \/qrA ,,e¢) —4%c2m2r3¢ . (2ré, — 1)

Lot == 2ced (2rd, — 1)
(2)
Energy of the particle in circular motion:
1/2
E(ic)i = + mce? (Z +§ ) )
where
2

[qrA%re‘f’ + \/(q7“A¢,77a(3‘15)2 —4¥%c2m?r3¢ . (2ré , — 1)

g(i)

C

4m2c2r2 (2r¢, — 1)
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Orbit in which the particle is located at rest
(r-) as seen by an observer at infinity
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Orbit in which the particle is located at rest
(r-) as seen by an observer at infinity

dd

L=0 — =0. 4
2 )

For an orbit with a rest radius » = r,., the energy of the particle
is,

1/2
E(igi = +mece® (Z + §1€i)) (5)

where

§(i) _ q2e?® [ Al o (AL - S AL (e - = 1))]2' ®)
! am2e?r? (2r¢, — 1)2
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Last stable circular orbit

dd E? AP
m2¢?’ dr?
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Last stable circular orbit

dd E? AP
— = 0’ b = GT —_— = 07
dr m2c? dr?

lsco

A
Lo = q?@ + {qe¢ (87’214%,‘@27” + "”2‘499,7"7" - 47”4%7")

2
+ [ g%e?? (87’2A<p7,1¢72r + TQA%M — 47“Awn)

—4((127’2142,,422‘]5 + 2022m2r4¢?r + 2Xm2rig )

1/2}

-1
X 206¢(8r2¢’2,," +2r%¢ . — 8¢ + 3)} €5)

X (8r2¢% + 2r°¢ rr — 8rdy + 3)
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The field of a punctual mass in
Einstein-Maxwell gravity

ds? = —c2e®dt* + e 72 (dr® + d2* + r2dy?), 9)
1
Rog — 50aR =k Eap, VeF* =0, (10)
= 1 Y 1 7
Ea,B — E Fa'yFﬁ — ZgaﬁF’yéF 5

Fop = Aga—Ans, Aa=1(0,4,).
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A solution of the Einstein Maxwell equations

Qb(ra z) = ¢)[U(Ta Z)L (11)
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A solution of the Einstein Maxwell equations

@(T,Z) = gb[U(Taz)L (11)
V3U(r,z) = 0. (12)
¢ = —In(1-0), (13)

2 r
Ap(r2) = = /0 FU (7, 2)dr, (14)

V3U(r,z) = 0, U(rz)<1.
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A solution of the Einstein Maxwell equations

@(T,Z) = gb[U(Taz)L (11)
V3U(r,z) = 0. (12)
¢ = —In(1-0), (13)

2 r
Ap(r2) = = /0 FU (7, 2)dr, (14)

V3U(r,z) = 0, U(rz)<1.

c? c?

BT = WTU’T Bz = m’l"

U. . (15)
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The field of a punctual mass in
Einstein-Maxwell gravity

GM

o=y B, (16)

U(r,z) =
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The field of a punctual mass in
Einstein-Maxwell gravity

__GM 2_ .2, .2
U(r,z) = 2R Re=ro42°, (16)
GM
QZ)(T,Z)——IH <1+02R>, (17)
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The field of a punctual mass in
Einstein-Maxwell gravity

U(r,z):—i—]\g, R*=r’+7, (16)
¢(r,z) = —In <1+G]\é> , (17)
Ay(r,2) = VGM (1 _ %) , (18)
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The field of a punctual mass in
Einstein-Maxwell gravity

GM

U(r,2) = -5 R?=r?42%, (16)

o(r,z) = —In <1+ffé>, (17)

Ay(r,2) = VGM (1 _ %) , (18)

B, =GY?Mr*R™3, B,=GY?MrzR3. (19)
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The field of a punctual mass in
Einstein-Maxwell gravity

GM

U(r,2) = -5 R?=r?42%, (16)

o(r,z) = —In <1+ij\é>, (17)

Ay(r,2) = VGM (1 _ %) , (18)

B, =GY?Mr*R™3, B,=GY?MrzR3. (19)
» 06r2(Lc — qx/aM)2 Y2

(r) = m2(c?r + GM)* (?r+ GM)? (20)
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Circular motion of a charged test particle
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Circular motion of a charged test particle

The angular momentum for a circular orbit with radius .

_ ¢/GM - (®re + GM)m YXGM

Le+
N c c2 c2r. — GM

(21)
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Circular motion of a charged test particle

The angular momentum for a circular orbit with radius .

_ ¢/GM - (®re + GM)m YXGM

L
et c c2 c2r. — GM

(21)

The energy for a circular orbit with radius 7.

mct W
(Are+GM)\ r. — GM

E..=+ (22)
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Angular momentum of a neutral test particle in terms of the
radius orbit r./M

A. C. Gutiérrez-Pifieres Equatorial Orbits of Test Particles in a Conformastatic Backg



10 12 14 16 18 20
Ie/M

Energy of a charged test particle in terms of the radius orbit
re/M
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14 /M 18 20

Angular momentum of charged particles in a time-like circular
orbit In this graphic the angular momentum L /Mm is plotted as a
function of the radius r./M for some values of ¢/m. The continuous
curve corresponds to the value ¢/m = 2v/2.
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Charged test particle at rest (L = 0) respect
to an observer at infinity

et g7 —28Gm? £ /2@ (*¢? — 8EGm?) (23)
M 2Ym2c2 ’
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Charged test particle at rest (L = 0) respect
to an observer at infinity

et g7 —28Gm? £ /2@ (*¢? — 8EGm?) (23)
M 2Ym2c2 ’

mec? \/2q2 [qQ —2Gm? £ \/¢%(q® — 8Gm2)2} ’
|42 £ /(@ — 8Gm?)?] :

B = —g¥P. (24)

r—

+)
E£+ = +
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Radii and Energy of the charged particles for the time-like
orbits characterized by the conditions L = 0 and d®/dr = 0.
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The last stable circular orbit

The angular momentum of a particle in the last stable circular
orbit

(25)

oV/GM  2/28GMm
Llsco IE = c + .

c2
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The last stable circular orbit

The angular momentum of a particle in the last stable circular
orbit

oV/GM  2/28GMm
Llsco IE = c + .

c2

(25)

The energy of a particle in the last stable circular orbit

3 /3%
Elsco + = iz 777”&0 . (26)
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The last stable circular orbit
For a null curve

Lisco+ = qVGM /c. (27)
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The last stable circular orbit
For a null curve
Lisco+ = qVGM . (27)
For a time-like particle it is

Lisco + = (C_I\/a == 2\/5GTTL)M/C (28)
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The last stable circular orbit
For a null curve
Lisco+ = qVGM . (27)
For a time-like particle it is
Lisco + = (VG +2v2Gm)M/c. (29))
If the charge of the particle is

qg = 2V2Gm, then  Ljso. = L.y =L, =0. (29)

A. C. Gutiérrez-Pifieres Equatorial Orbits of Test Particles in a Conformastatic Backg



The last stable circular orbit
For a null curve
Lisco+ = qVGM . (27)
For a time-like particle it is
Lisco + = (VG +2v2Gm)M/c. (29))
If the charge of the particle is
qg = 2V2Gm, then  Ljso. = L.y =L, =0. (29)
If the charge of the particle is

qg=—-2v2Gm then Lo+ = L. =L, =0. (30)
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The last stable circular orbit
For a null curve
Lisco+ = qVGM . (27)
For a time-like particle it is
Lisco + = (VG +2v2Gm)M/c. (29))
If the charge of the particle is
q¢=2V2Gm, then  Lijeo_ =Ler =L, =0. (29)
If the charge of the particle is
qg=—-2v2Gm then Lo+ = L. =L, =0. (30)

The last stable circular orbit occurs at the radius r» = 3GM/c?,
independently of the value of the charge. Moreover, on the last
stable orbit the particle is at rest, if the value of the charge is

q = £2v2Gm.
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Particle at the last stable circular orbit, black point,
(¢/m = 2v2,7/M = 3, Liscoyr = 4v/2Mm). Particle at rest, white
point, (¢/m = 2v/2,7/M = 3, Ljsco— = 0).
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Perihelion advance in a conformastatic
magnetized spacetime

Value of the perihelion advance for a neutral test mass in the
gravitational field of a punctual mass, endowed with a magnetic

field. -
Ap = T .

(31)

c2r,
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Perihelion advance in a conformastatic
magnetized spacetime

Value of the perihelion advance for a neutral test mass in the
gravitational field of a punctual mass, endowed with a magnetic
field.

Ap = . (31)

Value obtained for the Schwarzschild spacetime

Ap— 6mrGM

c2r,
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Perihelion advance in a conformastatic
magnetized spacetime

Value of the perihelion advance for a neutral test mass in the
gravitational field of a punctual mass, endowed with a magnetic
field.

Ap = . (31)

Value obtained for the Schwarzschild spacetime

Ap— 6mrGM

o (32)
The perihelion advance around a punctual magnetic mass is
therefore always smaller than the value obtained in Einstein
gravity alone. We conclude that the perihelion advance permits
us to differentiate between a spherically symmetric mass and a
conformally symmetric punctual magnetic mass.
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