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Motivation for universal metrics

Quadratic gravity

correction terms quadratic in the Riemann tensor

L =
1
κ
(R− 2Λ0) + αR2 + βR2

ab + γ
(
R2

abcd − 4R2
ab + R2)

field equations of fourth order

1
κ

(
Rab −

1
2

Rgab + Λ0gab

)
+ 2αR

(
Rab −

1
4

Rgab

)
+ (2α + β) (gab�−∇a∇b)R

+2γ

(
RRab − 2RacbdRcd + RacdeR cde

b − 2RacR c
b −

1
4

gab

(
R2

cdef − 4R2
cd + R2

))
+β�

(
Rab −

1
2

Rgab

)
+ 2β

(
Racbd −

1
4

gabRcd

)
Rcd = 0
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Motivation for universal metrics

Solutions immune to the corrections

corrections can be considered as effective energy-momentum
tensor

Rab −
1
2

Rgab + Λ0gab = κTeff
ab

looking for solutions with Teff
ab = 0

or more general Teff
ab ∝ gab

exact vacuum solutions to both Einstein gravity and QG

T.M., Pravda (2011)

all Weyl type N Einstein metrics are exact vacuum solutions of QG

for Weyl type III case, additional condition C cde
a Cbcde = 0 has to be met
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Universal metrics

Universal metrics

A metric is universal if all conserved symmetric rank-2 tensors
constructed from the metric, the Riemann tensor and its covariant
derivatives of all orders are multiples of the metric.

universal metrics solve all theories with the Lagrangian being a
polynomial curvature invariant

L = L(gab, Rabcd,∇a1Rbcde, . . . ,∇a1 ...apRbcde)

universal metrics are necessarily Einstein

Rab =
R
n

gab, R = const

and thus

Rabcd = Cabcd +
2R

n(n− 1)
ga[cgd]b, Rabcd;e = Cabcd;e
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Universal metrics

Examples of universal metrics

Hervik, Pravda, Pravdová (2014)
Weyl type N ST is universal iff it is an Einstein Kundt ST
Weyl type III Einstein RNV ST obeying C cde

a Cbcde = 0 are universal

Hervik, T.M., Pravda, Pravdová (2015)
direct product of non-flat maximally symmetric spaces Mα

M = M0 ×M1 × · · · ×MN−1

M is Weyl type D universal iff ni = nj and Ri = Rj

M is Weyl type II universal if moreover M0 is a type III or N
universal spacetime

all known examples of universal metrics belong to the Kundt class
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Neutral signature

Four-dimensional metrics of neutral signature

purely real null frame {`, n, m, m̃}

`ana = 1, mam̃a = −1

all other contractions vanish
2 independent boosts

(`, n) 7→ (eλ1`, e−λ1n)

(m, m̃) 7→ (eλ2m, e−λ2m̃)

boost weight b ≡ (b1, b2) of a quantity q

q 7→ eb1λ1+b2λ2q
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Neutral signature

Spin coefficients

neutral signature analogue of the NP formalism [P. R. Law (2009)]
24 real functions

b1

b2

κ

κ̃

σ

ε ρ

ε̃ ρ̃

σ̃

τ β

α̃ τ̃′

α τ′

τ̃ β̃

σ̃′

γ ρ′

γ̃ ρ̃′

σ′

κ̃′

κ′

Kundt metric⇔ κ = κ̃ = σ = σ̃ = ρ = ρ̃ = 0
moreover for pp-frame ε = ε̃ = 0
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Neutral signature

Algebraic classification

boost-weight decomposition of a tensor T

T = ∑
b∈Z2

(T)b

b1

b2

−2 −1 1 2

−2

−1

1

2

rank-2 tensor

b1

b2

−2 −1 1 2

−2

−1

1

2 Ψ0

Ψ̃0

Ψ1

Ψ̃1

Ψ2 Ψ̃2

Ψ̃3

Ψ3

Ψ̃4

Ψ4

Weyl tensor
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Walker metrics

Walker metrics

Walker metrics in dimension n admit an invariant null k-plane
with k ≤ n/2

canonical form for n = 4, k = 2

ds2 = 2du(dv + a du + c dU) + 2dU(dV + b dU)

invariant null 2-planes are spanned by ` ≡ ∂v, m̃ ≡ ∂V

null plane – mutually orthogonal null vectors→ neutral signature
invariant plane

∇a(` ∧ m̃) = ka(` ∧ m̃)
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Walker metrics

Boost-weight diagram of the general Walker metric

b1

b2

−2 −1 1 2

−2

−1

1

2

(× spin coefficients, 4 trace-free Ricci tensor,©Weyl tensor)
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Walker metrics

Boost-weight diagram of the general Walker metric

b1

b2

−2 −1 1 2

−2

−1

1

2

(4 rank-2 tensor,©∇(k)C with k = 0)
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Walker metrics

Boost-weight diagram of the general Walker metric

b1

b2

−2 −1 1 2

−2

−1

1

2

(4 rank-2 tensor,©∇(k)C with k = 0, 1)
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Walker metrics

Boost-weight diagram of the general Walker metric

b1

b2

−2 −1 1 2

−2

−1

1

2

(4 rank-2 tensor,©∇(k)C with k = 0, 1, 2)
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Walker metrics

Einstein Walker metrics with ASD Weyl tensor

b1

b2

−2 −1 1 2

−2

−1

1

2

C = C(−2,2) + C(−1,1) + C(0,0)

a =
λ

3
v2 + a10 v + a01V + a00,

b =
λ

3
V2 + b10 v + b01V + b00,

c =
2λ

3
vV + c10 v + c01V + c00,

∇(k)C(−2,2) with k ≥ 0 do not contribute to rank-2 tensors
∇(k)C(−1,1) with k ≥ 0 and ∇(k)C(0,0) with k > 0 only linear
possible contributions to rank-2 tensors (k ≥ 0, m ≥ 0)

∇(k)C(0,0) C(0,0) · · ·C(0,0)︸ ︷︷ ︸
m times

, ∇(k)C(−1,1) C(0,0) · · ·C(0,0)︸ ︷︷ ︸
m times
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Walker metrics

Universal Walker metrics [Hervik, T.M. (soon on arXiv)]

Einstein Walker metrics with anti-self-dual Weyl tensor are 0-universal

conserved symmetric rank-2 tensor constructed from the metric
and the Riemann tensor (no ∇Rabcd) are multiples of the metric
field equations may contain ∇Rab (e.g. quadratic gravity)

Ricci-flat Walker metrics with anti-self-dual Weyl tensor are universal

C(0,0) = 0 (Ψ̃2 = 0) for Ricci-flat Walker metrics

Einstein Walker metrics with anti-self-dual Weyl tensor and Ψ̃3 = 0
are universal

if C(−1,1) = 0 (Ψ̃3 = 0), ∇(k)C(0,0) with k > 0 do not contribute
and rank-2 tensors C(0,0) · · ·C(0,0) are proportional to the metric
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