Fihie Shbiltky of #he FLRU sildions A >0

TTodd A. Qligryk
MOY\ASL\ (//\1\/(/5)’7\1‘7

Ref: T.A. Oliynyk, Future Stability of the FLRW fluid solutions in the presence of a positive cosmological
constant, Commun. Math. Phys. (2016), DOI: 10.1007/s00220-015-2551-1, preprint [arXiv: 1505.00857]

GR21 talk Page 1



E;‘r\s tl‘r\ = Em’er- @V’IV\NAU‘.’\S

GR21 talk Page 2

3
[0,00) x T
_I;«Jfor@ )k 0,23
IJT)JK %43
_ ¢ L
p=Kp oK &3



E;‘r\s tl‘r\ = Em’er- 60’/4/\4:{'\0‘}6

/5: 2 + A x")zcs;jdxlo’xj , v=4d /2‘5( )= /T

CLQ_\ = 21 /-}4—&- ) 0\(0)'—’-' 3\/98) ~ e 3 a$ %0700
3 3

GR21 talk Page 3



P eVIONS ,Zesml'ks

GR21 talk Page 4



P eVI0AS EasmHZS H. Frednch A2V,

he gree (N6 C\m sronl Methad,

Regstim's  Method 9% U Frdich  Vacoum
2008 ), Ringshany  Esein el fid] 1291 B, Pl Ensfc,h-%m//)
203 HRiedidm Lingun- Vissoy Eirskern~VYang=Mill

Sty ;F FLRW Stability of FLRW

200 T Roo’r\;d\nsl(l' Q‘:)—SFCOK o<k< é ) |fr0" LO\B C. L";%CL JA. \/ala‘mjfe-boo’\ K’é
202 J. Speck 0< kel
215 TSk ¢ M Hadfie K=0O

GR21 talk Page 5



P V10N '265 U»HJS H. Frednch AWV,

he gree (N6 C\moom( Method
Regstim's  Method 9% U Frdich  Vacoum
| 2008 H, Ringshadm Eynstern ek Frokd 1291 B, Pl Ensfc,h-%m//)
203 HRiedidm Lingun- Vissoy Eirskern~VYang=Mill
g%\\qﬂ,} ;g FlRw Sﬁ\e//#g of FLRW

200y T, Roa)n;d\nsl(l' £3530K O<k<L é ) |fr0" LO\B C. L";U'D(L O'-A \/a|.‘¢ml¢-k;oo/\ K’:BL
202 J. Speck 0< kel
215 TSk ¢ M Hadfie K=0O

| C“Bw\az Ow (2 —l— Com(:)rm / +fam5£:>fﬂ'\én {’nm

l

Skbility of FLRW o<|<£§ (K:ok Eéo\\sO)
OK.

GR21 talk Page 6



Con‘Porma( Em@lc{m Eoler~ eqm%}ms
/

GR21 talk Page 7



Corrporrf\a( Em@lé;h Et/\,/ef\ eg/ymt}ms
/

COhPorma( "’\d"ﬂb

GR21 talk Page 8



Con‘Porrf\a( Em@lé;h Et/\,lef\ eg/ymt}ms
/

COhSr\orr'\a( MC’T"C —

Sf, - '0([

GR21 talk Page 9



Cor\-Porrf\a( Em@lé{m Eoler eg/yml}ms
I

COhSr\orr'\a\( "’\d‘f'b ~

Sf, - ‘GC;

S P "‘\\/V\@

M = (OJ|]XT3

- \ -3
a Xt T penodic cowo’.f\t\ies on |l
.:_zo

- 4me wora’.'nAfC on (OJ,j

A

GR21 talk Page 10



lime. o entation

A ‘n\L ‘R\“vﬂe/ /)'CS ih +the ﬂll}‘fé'/‘\m OF 'é )

A \/0 >0 "—-‘:> \/'M 'S Or‘;%’/‘eo’ )

A l\f)— 7\00 Aas f\;o => *Fvcl*we %.‘mz,l.'Icc fm(:'m"})/ s Io(mlf()a%-é:c)_

GR21 talk Page 11



lime. o entation

A ‘n\L ‘R\“vﬂe/ /)'CS ih +the ﬂll}‘fé'/‘\m OF 'é )

A \/0 >0 "—-‘:> \/'M 'S Or‘;%’/‘eo’ )

A l\f)— 7\00 Aas f\;o => *Fvcl*we %.‘mz,l.'Icc fm(:'m"})/ s Io(mlf()a%-é:c)_

Cof\{jofrv\o\l f’:\cf}of‘
$ = -ln(t), o<tgl

GR21 talk Page 12



lime. o entation

A ‘n\L ‘R\“vﬂe/ /)'CS ih +the ﬂll}‘fé'/‘\m OF 'é )

A \/0 >0 "—-‘:> \/'M 'S Or‘;%’/‘eo’ )

A \\5 7\00 Aas f\;o =—> *Fvcl*we %.‘mz,l.'Icc fm(:'m"})/ /‘s Io(mlf()a%-é:c)_

—

Cof\{jofrv\o\l f’:\cf}of‘
@ = -In(t), o<t &l

\I\/O\ve Géww)e,

GR21 talk Page 13



lime. o entation

A ‘n\L ‘R\“vﬂe/ /)'CS ih +the ﬂll}‘fé'/‘\m OF 'é )

A \/0 >0 "—-‘:> \/'M 'S Or‘;%’/‘eo’ )

A l\f)— 7\00 Aas f\;o => *Fvcl*we %.‘mz,l.'Icc fm(:'m"})/ s Io(mlf()a%-é:c)_

Cof\{jofrv\o\l f’:\cf}of‘
@ = -In(t), o<t &l

\I\/O\ve Géww)e,

_ > k 301»\9{ Sonlce
Y = 6‘) I:() /‘\/\/’\
YK _ ‘kai : EK - 2 (3‘101—_/_\_,5'()

GR21 talk Page 14



I:'I‘g\C) Eﬁl\l\‘:‘:\ ons

G(/J :TUJ = C

GR21 talk Page 15



I:'I‘g\C) Eﬁl\l\‘:‘:\ ons

Go:j :TUJ- - 6"“2 %U _‘(3’ /\t)u) 2 (v 'vz)ﬁ_vtéin)g(zmj
L= =4 - TUNAN
VT9=-6T9V b +9, T 3°Vo§;

BAC\QS fbvw\c) MC\-h\C

7‘0’_ ~

GR21 talk Page 16



I:’I‘Q\C) Eﬁl\l\‘:‘:\ NS

N 4

G T = e P FY_PBN 12 (0F 7E g ) z) i
G9 =TT c T/ /\3 +2(vv§ VéVi) (zUT\UﬂS,\ﬂj

.f_\’—b.' AN - '\/Lm \ o
)= -6TYV R
Vi9:=-6T9 ¢ +9, T 9 A

49

B‘\C\QS fbvw\c) MC‘\'“\ C
VAR SRR 5T
3 00 I

Amy{“a\run Q‘@(dé
- 13 v J§ IO v L/V\-]
o = (5,,)'g [(Bon) = (9 ) )
(‘6_: 300\9()0'% ln(dd’(au‘/‘))

GR21 talk Page 17



Theorem 1.3. Suppose A > 0, € >0, 0 < K < 1/3, k € Z>3, g € HY(T*), g7, po.v) € H*(T?),
po(x) > 0 for all 2 € T®, and that the quadruple

(9",009%, p,v1)|,_,= (95" 9. po. v}) (1.14)
satisfies the constraint equations
(GO —T,—y =0, and Z*|,—; =0. (1.15)

Then there exists a 6 > 0, such that if

lgs — 1| gzwsr + g7 e + lpoll e + llorll e < 6, (1.16)

then there exists a classical solution g € C%((0,1]xT®), p,v; € C1((0,1]xT?) to the conformal Einstein-
Euler equations given by (1.7) and (1.8) that satisfies the initial conditions (1.14), the gauge condition
Z% =0 in (0,1] x T2, the regqularity conditions

g € C°((0,1], H*(T*)) n C?([0, 1], H*(T*)) n C*((0, 1], H*(T*))nC* ([0, 1], H*~1(T*))
and

p.vr € CU((0,1), H*(T*)) nC°([0,1], H*1(T%)),

and the bounds

| =

2A 3 6 1 3
< gt 2x)< = < —goo(t.x) < —. =61 < gl (t.2) < 617,
<—g (t,z) < 3 A S yoo(f.f)_A. 50 <9 (lf.-'i‘)_2tS ,

and

[ 3 26
— < pol(t.xr) < 4/ —
oA = Uo(f,?)_ A

for all (t,z) € (0,1] x T3.
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Moreover, there exist 0,77 € HF=1(T?) with o(z) > 0 for all x € T?, such that the solution satisfies

19% () = (1% + t47) [ gre—s < —22In(2). (1.17)
19:9% (£) — 2~ (g% (1) = %) + 47|l grer S . (1.18)
10:9%7 () =t~ (g™ (8) = 0™l g1 + 1019% (B[ -1 < —tIn(2), (1.19)
la(t) = a(O) L + 19ea ()l 1 St (1.20)
lo™ ) — o™ ()Ml + 10e6™ ()| sr5-1 S 1. (1.21)

2(1—3K)
720 p(t) — o pas St 1T (1.22)

and

o1(t) = v1(O) || s S 770 (1.23)

for all t € [0,1], where vr(0) =0 if K # 1/3.

We conclude with a few remarks:
(i) For any specified § > 0, an open set of initial data satisfying the constraint equations (1.15) and
the condition (1.16) can be constructed using a variation of the method employed in [9, §3].
(ii) The FLRW family of solutions correspond to the solutions obtained from initial data (1.14) of the
form

(96, 97, po,v}) = (—aod§d] + body6%6™ . —a16483 + b1656%67 ¢, 0)
where the constants ag, by, ¢ € R and a1,b1 € R are chosen so that the constraint equations (1.15)
are satisfied.
(iii) More detailed behaviour of the solution near ¢ = 0 can be obtained by using the estimates (1.17)-
(1.23) from Theorem 1.3 together with another application of Theorem B.1 from Appendix B.
(iv) As discussed in Section 1.3 of [12], it should be possible using Ringstrom’s patching argument from
[11] to generalize the stability result contained in Theorem 1.3 to other spatial topologies.
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Theorem B.1. Suppose k € Zsnj241, uo € H*(T"), v,G € C°([T,,0], H*(T")), assumptions (i)-(vii)
are fulfilled, and the constants {3,K,7,} satisfy 0 < /%, < K where 8 = E:zl B4. Then there erists a
T. € (T,.0), and a unique classical solution u € C'([T,,T,) x T") that satisfies u € C°([Tp.T,), H*) N
C\([T,,T,), H*—'), the energy estimate

t
1 N
() rn + UG .0y = [ 5 IPu( B < CCT) (T + G100
0
forT, <t < T, where

C = C(|lull o (ro.r.), 1%y Ul oo (ro,0). 1%y IGN L. (1 0) 1%y s 1 Fev || Lo (10,0 121y 0. 11, 2, B, B ),
and can be uniquely continued to a larger time interval [To,T*) for some T* € (T,,0) provided that
llwll o= (pro 1) W=y < oc.

Moreover, for any R > 0, there erists a

6 = 8(R, |[vlL(rrv.0), %) 19 || L= (110,0), 11%-1), 0, 71,72, B, R w) > 0,
such that if ||uo||gx + ||G||L=(rTy,0).1%) < 0, then the solution u(t,x) erists on the time interval [Ty,0)
and can be uniquely extended to [T;,0] as an element of C°([Ty,0], H*-1) satisfying

llul o (.01 W=y < R,

and
s if K —Ba/1 > 1
[Pu(t)les S {elnls)  FR=Bu/ia =1,
(—t)"Pa/Tt GfR—Ba/1 <1
P u(t) — PLu(0)]| a2 < {—: + (—t)2R—Ba/3) :J{: - g:gi i : Sk :
JorTo <t <0.
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A.D Rendall, Asymptotics of solutions of the Einstein equations with positive cosmological constant,
Annales Henri Poincare 5 (2004), 1041-1064, [arXiv:gr-qc/0312020]
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