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Testing Gravity by Testing Local Lorentz Invariance 

⇒  Talk will look at using the Standard-Model Extension (SME)   
    to search for Lorentz violation in gravity experiments 

Expect particle physics and classical gravity to merge in    
 a quantum theory of gravity at high energy scales 

⇒   General Relativity is a classical theory 
⇒   not compatible with quantum physics 

Open Problem 

Effects of quantum gravity may involve Lorentz violation: 
e.g., ideas from string theory, spontaneous Lorentz violation, 
   vector-tensor models, modified gravity, anisotropy, etc. 

Need a common theoretical framework for experimental tests 



Theoretical effort in conjunction w/ many expt groups 
SME Theory Group (~centered at Indiana University): 
  Alan Kostelecky  Stuart Samuel      Robert Bluhm 
  Rob Potting   Don Colladay      Neil Russell 
  Charles Lane            Ralf Lehnert       Matt Mewes 
  Brett Altschul  Quentin Bailey      Jay Tasson 
  Michael Berger  Mike Seifert     Agnes Roberts 
  Jorge Diaz   Arnaldo Vargas     Yuri Bonder 
  Rhondale Tso    Rui Xu                & others . . . 

Review Articles: 
 R. Bluhm, Overview of the SME arXiv:hep-ph/0506054 
 R. Bluhm, Observational Constraints on Local Lorentz  
              Invariance arXiv:1302.1150 

Summary of Experimental Tests: 
 A. Kostelecky & Neil Russell, Data Tables for Lorentz  
       & CPT Violation arXiv:0801.0287 (updated annually) 

Testing Lorentz Invariance 



Theoretical Assumptions/Construction of the SME 
è GR and Standard Model (SM) describe nature w/ high precision 

⇒  framework must include both GR and SM 

è Physics is observer and coordinate independent 
⇒  use scalar Lagrangian-based effective field theory 

The SME is the effective field theory containing GR & SM  
  (including possible modifications) and all observer-independent  
    interactions that break local Lorentz invariance (LLI)
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 field operators 
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è Involves fixed background fields (SME coefficients) 
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è Uses a vierbein formalism to include fermions & reveal LLI 
connects spacetime tensors 
to tensors in local Lorentz frame ⇒

⇒  also involves the spin connection & torsion 

è SME with gravity involves two relevant symmetries 
⇒  local Lorentz transfs 
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= �ūR + s̄µ⌫RT
µ⌫ + t̄�µ⌫C�µ⌫

L(5)

LV

= (k̄(5))↵���R
↵���

⇤a
b

⇠µ

T µ = eµaT
a

T a ! ⇤a
bT

b

T µ ! L⇠T
µ

L =
1

16⇡G
(R + L

LV

) + L
M

L
LV

= L(4)

LV

+ L(5)

LV

+ L(6)

LV

+ · · ·

L(4)

LV

= �uR + sµ⌫RT
µ⌫ + t�µ⌫C�µ⌫

L(5)

LV

= (k(5))↵���R
↵���

L(6)

LV

=
1

2
(k(6)

1

)↵����{D, D�}R↵���+(k(6)
2

)↵����µ⌫R
↵���R�µ⌫

L(4)

LV
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⇒  diffeomorphisms 

⇒  SME terms breaking LLI also break diffeomorphisms 

→  Planck scale is the natural large mass scale 

è SME coefficients suppressed by powers of large mass scale 

→  SME coefficients are small 
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è Can restrict to extensions of special relativity 

⇒  Minkowski spacetime 
→  quark, lepton, gauge, Higgs sectors 
→  QED, nonrelativistic limits, . . . 

⇒  CPT violation implies Lorentz violation 

→  meson oscillations, neutrino oscillations, photon tests, 
     g-2 expts, atomic clocks & traps, muon expts, 
     hydrogen/antihydrogen, tests of CPT, etc. 

→  place tight bounds on Lorentz & CPT violation in 
     particle, nuclear, atomic, astrophysical systems 

⇒  Experimental tests (ignoring gravitational effects) 

→  can use CPT expts to test LLI 

Experiments put bounds on the SME coefficients
(See data tables in arXiv:0801.0287) 



⇒  Riemann spacetime 

⇒  Experimental tests with gravity 

⇒  zero torsion limit 

→  solar system tests, lunar laser ranging, WEP tests, 
    atom interferometers, Gravity Probe B, gravity waves,  
    short-range tests, binary pulsars, cosmic rays, etc. 

è Can restrict to extensions of general relativity 

→  leading-order signals from dim=3,4 operators 
→  suppressed higher-order signals for dim>4 
⇒  some effects only emerge at higher orders 

⇒  Weak-field limits can be constructed 

→  Post-Newtonian approx 
→  weak linearized approx 

⇒  place bounds on violations of LLI & Einstein’s GR 



For simplicity will focus on the pure-gravity sector of the SME

⇒  need to address theoretical issues with gravity 

SME in Riemann Spacetime 
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 → Lorentz preserving matter sector 

 dim=4,5,6,…

with Lorentz & diffeomorphism breaking terms
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Background Fields in Gravity 

 SME  è fixed background fields break diffeomorphisms 
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⇒  to avoid potential conflicts with the Bianchi identities 
    the SME assumes spontaneous diffeomorphism breaking 



 Background fields are dynamically generated vacuum solutions 
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includes Nambu-Goldstone (NG) 
  and massive excitations

 → no pre-existing fields with spontaneous breaking 

Spontaneous Lorentz & Diffeomorphism Breaking 

With NG modes included, diffeomorphism invariance still 
 holds dynamically but is hidden in effective field theory

⇒  can still impose gauge fixing on the metric 
⇒  SME maintains many features of GR 

 Expts search for effects of background vacuum fields 



Post-Newtonian and Weak-Field Limits 
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 Eliminate NG and massive excitations in weak-field limit 
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(65)

where the coefficient !s00 remains defined in the universe
rest frame. Since the general results (35)–(37) for the
minimal-SME metric take the same form in any post-
Galilean observer frame, Eq. (65) can be derived by trans-
forming the coefficient !s00 from the universe rest frame to
the corresponding coefficients !s"# in the Sun-centered
frame and then substituting the results into Eqs. (35)–
(37). Like the PPN metric (64), the expression (65) con-
tains all terms at O$3% along with some explicit O$4% terms
that depend on ~w.

By rescaling the gravitational constant as in Eq. (62) and
comparing the two post-Newtonian metrics (64) and (65),
we recover the previous matching results (63) and obtain
two additional relationships:
 

$1 ! "16
3 !s00; $2 ! "4

3!s00;

$3 ! 0; % ! 1" 4
3!s00:

(66)

The vanishing of $3 is unsurprising. This parameter is
always zero in semiconservative theories [30,37], while
assumption (i) of Sec. II B and Eq. (11) imply a constant
asymptotic value for !s00, which in turn ensures global
energy-momentum conservation. A more interesting issue
is the generality of the condition

 $1 ! 4$2 (67)

implied by Eq. (66). It turns out that this condition depends
on assumption (iv) of Sec. II B, which imposes the vanish-
ing of the independent energy-momentum contribution
""#. The relationship between the conditions ""# ! 0
and $1 ! 4$2 is considered further in Sec. IV below.

We emphasize that all quantities in Eq. (66) are defined
in the universe rest frame. For experimental tests of the
SME, however, it is conventional to report measurements
of the coefficients for Lorentz violation in the Sun-centered
frame. The conversion between the two takes a simple
form for the special isotropic limit involved here. It can
be shown that the minimal-SME coefficients !s"#S in the
Sun-centered frame and the isotropic coefficient !s00

U in the
universe rest frame are related by
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These equations can be used to relate the results in this
subsection to ones expressed in terms of the coefficients
!s"# in the Sun-centered frame.

The relationship between the pure-gravity sector of the
minimal SME and the PPN formalism can be represented
as the Venn diagram in Fig. 1. The overlap region, which
corresponds to the isotropic limit, is a one-parameter re-
gion in the universe rest frame. This overlap region en-
compasses only a small portion of the effects governed by
the pure-gravity sector of the minimal SME and by the
PPN formalism. Much experimental work has been done to
explore the PPN parameters. However, the figure illustrates
that a large portion of coefficient space associated with
dominant effects in a realistic action (SME) remains open
for experimental exploration. We initiate the theoretical
investigation of the various possible experimental searches
for these effects in Sec. V.

We note in passing that the above matching consider-
ations are derived for the pure-gravity sector of the mini-
mal SME. However, even in the isotropic limit, the matter
sector of the minimal SME contains numerous additional
coefficients for Lorentz violation. Attempting a match
between the isotropic limit of the minimal SME with

minimal SME,

19 coefficients

pure-gravity sector

general

isotropic

1 coefficient

general
10 parameters

PPN formalism

SME

FIG. 1. Schematic relationship between the pure-gravity sector
of the minimal SME and the PPN formalism.
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general relativity. To our knowledge the latter two, Xjkl and
Yjkl, have not previously been considered in the literature.
However, they are needed to construct the contributions to
the O!3"metric arising from general leading-order Lorentz
violation.

A ‘‘superpotential’’ ! defined by

 ! # $G
Z
d3x0"! ~x0; t"R (29)

is also used in the literature [30]. It obeys the identities

 @j@k! # Ujk $ #jkU; @0@j! # Vj $Wj: (30)

In the present context, it is convenient to introduce two
additional superpotentials. We define

 !j # G
Z
d3x0"! ~x0; t"vj! ~x0; t"R (31)

and

  # G
Z
d3x0"! ~x0; t"vj! ~x0; t"RjR: (32)

These obey several useful identities including, for ex-
ample,
 

@j@k!l # #jkVl $ Xljk;
@j@k@l # 3#!jkVl" $ 3#!jkWl" $ 3X!jkl" % 3Yjkl:

(33)

In the latter equation, the parentheses denote total symmet-
rization with a factor of 1=3.

In presenting the post-Newtonian metric, it is necessary
to fix the gauge. In our context, it turns out that calculations
can be substantially simplified by imposing the following
gauge conditions:

 @jg0j # 1
2@0gjj; @jgjk # 1

2@k!gjj $ g00": (34)

It is understood that these conditions apply to O!3".
Although the conditions (34) appear superficially similar
to those of the standard harmonic gauge [32], the reader is
warned that in fact they differ at O!3".

With these considerations in place, direct calculation
now yields the post-Newtonian metric at O!3" in the
chosen gauge. The procedure is to break the effective
linearized equations (27) into temporal and spatial compo-
nents, and then to use the usual Einstein equations to
eliminate the pieces hE$% of the metric on the right-hand
side in favor of the potentials (28) in the chosen gauge,
keeping appropriate track of the post-Newtonian orders.
The resulting second-order differential equations for ~h$%
can be solved in terms of the potentials (27).

After some work, we find that the metric satisfying
Eqs. (26) and (27) can be written at this order as

 g00 # $1% 2U% 3!s00U% !sjkUjk $ 4!s0jVj %O!4";
(35)

 

g0j # $!s0jU$ !s0kUjk $ 7
2!1% 1

28!s00"Vj % 3
4!sjkVk

$ 1
2!1% 15

4 !s00"Wj % 5
4!sjkWk % 9

4!sklXklj $ 15
8 !sklXjkl

$ 3
8!sklYklj; (36)

 

gjk # #jk % !2$ !s00"#jkU% !!slm#jk $ !sjl#mk $ !skl#jm

% 2!s00#jl#km"Ulm: (37)

Although they are unnecessary for a consistent O!3" ex-
pansion, the O!3" terms for g0j and the O!2" terms for gjk
are displayed explicitly because they are useful for part of
the analysis to follow. The O!4" symbol in the expression
for g00 serves as a reminder of the terms missing for a
complete expansion atO!4". Note that the metric potentials
for general relativity in the chosen gauge are recovered
upon setting all coefficients for Lorentz violation to zero,
as expected. Note also that a nonzero !uwould merely act to
scale the potentials in the above equations by an unobserv-
able factor !1% !u".

The properties of this metric under spacetime transfor-
mations are induced from those of the SME action. As
described in Sec. II A, two different kinds of spacetime
transformation can be considered: observer transforma-
tions and particle transformations. The SME is invariant
under observer transformations, while the coefficients for
Lorentz violation determine both the particle local Lorentz
violation and the particle diffeomorphism violation in the
theory. Since the SME includes all observer-invariant
sources of Lorentz violation, the O!3" post-Newtonian
metric of the minimal SME given in Eqs. (35)–(37) must
have the same observer symmetries as the O!3" post-
Newtonian metric of general relativity.

One relevant set of transformations under which the
metric of general relativity is covariant are the post-
Galilean transformations [33]. These generalize the
Galilean transformations under which Newtonian gravity
is covariant. They correspond to Lorentz transformations
in the asymptotically Minkowski regime. A post-Galilean
transformation can be regarded as the post-Newtonian
product of a global Lorentz transformation and a possible
gauge transformation applied to preserve the chosen post-
Newtonian gauge. Explicit calculation verifies that the
O!3" metric of the minimal SME is unchanged by an
observer global Lorentz transformation, up to an overall
gauge transformation and possible effects from O!4". This
suggests that the post-Newtonian metric of the minimal
SME indeed takes the same form (35)–(37) in all observer
frames related by post-Galilean transformations, as
expected.

In contrast, covariance of the minimal-SME metric
(35)–(37) fails under a particle post-Galilean transforma-
tion, despite the freedom to perform gauge transforma-
tions. This behavior can be traced to the invariance (as
opposed to covariance) of the coefficients for Lorentz
violation appearing in Eqs. (35)–(37) under a particle
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general relativity. To our knowledge the latter two, Xjkl and
Yjkl, have not previously been considered in the literature.
However, they are needed to construct the contributions to
the O!3"metric arising from general leading-order Lorentz
violation.

A ‘‘superpotential’’ ! defined by

 ! # $G
Z
d3x0"! ~x0; t"R (29)

is also used in the literature [30]. It obeys the identities

 @j@k! # Ujk $ #jkU; @0@j! # Vj $Wj: (30)

In the present context, it is convenient to introduce two
additional superpotentials. We define

 !j # G
Z
d3x0"! ~x0; t"vj! ~x0; t"R (31)

and

  # G
Z
d3x0"! ~x0; t"vj! ~x0; t"RjR: (32)

These obey several useful identities including, for ex-
ample,
 

@j@k!l # #jkVl $ Xljk;
@j@k@l # 3#!jkVl" $ 3#!jkWl" $ 3X!jkl" % 3Yjkl:

(33)

In the latter equation, the parentheses denote total symmet-
rization with a factor of 1=3.

In presenting the post-Newtonian metric, it is necessary
to fix the gauge. In our context, it turns out that calculations
can be substantially simplified by imposing the following
gauge conditions:

 @jg0j # 1
2@0gjj; @jgjk # 1

2@k!gjj $ g00": (34)

It is understood that these conditions apply to O!3".
Although the conditions (34) appear superficially similar
to those of the standard harmonic gauge [32], the reader is
warned that in fact they differ at O!3".

With these considerations in place, direct calculation
now yields the post-Newtonian metric at O!3" in the
chosen gauge. The procedure is to break the effective
linearized equations (27) into temporal and spatial compo-
nents, and then to use the usual Einstein equations to
eliminate the pieces hE$% of the metric on the right-hand
side in favor of the potentials (28) in the chosen gauge,
keeping appropriate track of the post-Newtonian orders.
The resulting second-order differential equations for ~h$%
can be solved in terms of the potentials (27).

After some work, we find that the metric satisfying
Eqs. (26) and (27) can be written at this order as

 g00 # $1% 2U% 3!s00U% !sjkUjk $ 4!s0jVj %O!4";
(35)

 

g0j # $!s0jU$ !s0kUjk $ 7
2!1% 1

28!s00"Vj % 3
4!sjkVk

$ 1
2!1% 15

4 !s00"Wj % 5
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$ 3
8!sklYklj; (36)

 

gjk # #jk % !2$ !s00"#jkU% !!slm#jk $ !sjl#mk $ !skl#jm

% 2!s00#jl#km"Ulm: (37)

Although they are unnecessary for a consistent O!3" ex-
pansion, the O!3" terms for g0j and the O!2" terms for gjk
are displayed explicitly because they are useful for part of
the analysis to follow. The O!4" symbol in the expression
for g00 serves as a reminder of the terms missing for a
complete expansion atO!4". Note that the metric potentials
for general relativity in the chosen gauge are recovered
upon setting all coefficients for Lorentz violation to zero,
as expected. Note also that a nonzero !uwould merely act to
scale the potentials in the above equations by an unobserv-
able factor !1% !u".

The properties of this metric under spacetime transfor-
mations are induced from those of the SME action. As
described in Sec. II A, two different kinds of spacetime
transformation can be considered: observer transforma-
tions and particle transformations. The SME is invariant
under observer transformations, while the coefficients for
Lorentz violation determine both the particle local Lorentz
violation and the particle diffeomorphism violation in the
theory. Since the SME includes all observer-invariant
sources of Lorentz violation, the O!3" post-Newtonian
metric of the minimal SME given in Eqs. (35)–(37) must
have the same observer symmetries as the O!3" post-
Newtonian metric of general relativity.

One relevant set of transformations under which the
metric of general relativity is covariant are the post-
Galilean transformations [33]. These generalize the
Galilean transformations under which Newtonian gravity
is covariant. They correspond to Lorentz transformations
in the asymptotically Minkowski regime. A post-Galilean
transformation can be regarded as the post-Newtonian
product of a global Lorentz transformation and a possible
gauge transformation applied to preserve the chosen post-
Newtonian gauge. Explicit calculation verifies that the
O!3" metric of the minimal SME is unchanged by an
observer global Lorentz transformation, up to an overall
gauge transformation and possible effects from O!4". This
suggests that the post-Newtonian metric of the minimal
SME indeed takes the same form (35)–(37) in all observer
frames related by post-Galilean transformations, as
expected.

In contrast, covariance of the minimal-SME metric
(35)–(37) fails under a particle post-Galilean transforma-
tion, despite the freedom to perform gauge transforma-
tions. This behavior can be traced to the invariance (as
opposed to covariance) of the coefficients for Lorentz
violation appearing in Eqs. (35)–(37) under a particle
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general relativity. To our knowledge the latter two, Xjkl and
Yjkl, have not previously been considered in the literature.
However, they are needed to construct the contributions to
the O!3"metric arising from general leading-order Lorentz
violation.

A ‘‘superpotential’’ ! defined by

 ! # $G
Z
d3x0"! ~x0; t"R (29)

is also used in the literature [30]. It obeys the identities

 @j@k! # Ujk $ #jkU; @0@j! # Vj $Wj: (30)

In the present context, it is convenient to introduce two
additional superpotentials. We define

 !j # G
Z
d3x0"! ~x0; t"vj! ~x0; t"R (31)

and

  # G
Z
d3x0"! ~x0; t"vj! ~x0; t"RjR: (32)

These obey several useful identities including, for ex-
ample,
 

@j@k!l # #jkVl $ Xljk;
@j@k@l # 3#!jkVl" $ 3#!jkWl" $ 3X!jkl" % 3Yjkl:

(33)

In the latter equation, the parentheses denote total symmet-
rization with a factor of 1=3.

In presenting the post-Newtonian metric, it is necessary
to fix the gauge. In our context, it turns out that calculations
can be substantially simplified by imposing the following
gauge conditions:

 @jg0j # 1
2@0gjj; @jgjk # 1

2@k!gjj $ g00": (34)

It is understood that these conditions apply to O!3".
Although the conditions (34) appear superficially similar
to those of the standard harmonic gauge [32], the reader is
warned that in fact they differ at O!3".

With these considerations in place, direct calculation
now yields the post-Newtonian metric at O!3" in the
chosen gauge. The procedure is to break the effective
linearized equations (27) into temporal and spatial compo-
nents, and then to use the usual Einstein equations to
eliminate the pieces hE$% of the metric on the right-hand
side in favor of the potentials (28) in the chosen gauge,
keeping appropriate track of the post-Newtonian orders.
The resulting second-order differential equations for ~h$%
can be solved in terms of the potentials (27).

After some work, we find that the metric satisfying
Eqs. (26) and (27) can be written at this order as

 g00 # $1% 2U% 3!s00U% !sjkUjk $ 4!s0jVj %O!4";
(35)

 

g0j # $!s0jU$ !s0kUjk $ 7
2!1% 1

28!s00"Vj % 3
4!sjkVk

$ 1
2!1% 15

4 !s00"Wj % 5
4!sjkWk % 9

4!sklXklj $ 15
8 !sklXjkl

$ 3
8!sklYklj; (36)

 

gjk # #jk % !2$ !s00"#jkU% !!slm#jk $ !sjl#mk $ !skl#jm

% 2!s00#jl#km"Ulm: (37)

Although they are unnecessary for a consistent O!3" ex-
pansion, the O!3" terms for g0j and the O!2" terms for gjk
are displayed explicitly because they are useful for part of
the analysis to follow. The O!4" symbol in the expression
for g00 serves as a reminder of the terms missing for a
complete expansion atO!4". Note that the metric potentials
for general relativity in the chosen gauge are recovered
upon setting all coefficients for Lorentz violation to zero,
as expected. Note also that a nonzero !uwould merely act to
scale the potentials in the above equations by an unobserv-
able factor !1% !u".

The properties of this metric under spacetime transfor-
mations are induced from those of the SME action. As
described in Sec. II A, two different kinds of spacetime
transformation can be considered: observer transforma-
tions and particle transformations. The SME is invariant
under observer transformations, while the coefficients for
Lorentz violation determine both the particle local Lorentz
violation and the particle diffeomorphism violation in the
theory. Since the SME includes all observer-invariant
sources of Lorentz violation, the O!3" post-Newtonian
metric of the minimal SME given in Eqs. (35)–(37) must
have the same observer symmetries as the O!3" post-
Newtonian metric of general relativity.

One relevant set of transformations under which the
metric of general relativity is covariant are the post-
Galilean transformations [33]. These generalize the
Galilean transformations under which Newtonian gravity
is covariant. They correspond to Lorentz transformations
in the asymptotically Minkowski regime. A post-Galilean
transformation can be regarded as the post-Newtonian
product of a global Lorentz transformation and a possible
gauge transformation applied to preserve the chosen post-
Newtonian gauge. Explicit calculation verifies that the
O!3" metric of the minimal SME is unchanged by an
observer global Lorentz transformation, up to an overall
gauge transformation and possible effects from O!4". This
suggests that the post-Newtonian metric of the minimal
SME indeed takes the same form (35)–(37) in all observer
frames related by post-Galilean transformations, as
expected.

In contrast, covariance of the minimal-SME metric
(35)–(37) fails under a particle post-Galilean transforma-
tion, despite the freedom to perform gauge transforma-
tions. This behavior can be traced to the invariance (as
opposed to covariance) of the coefficients for Lorentz
violation appearing in Eqs. (35)–(37) under a particle
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general relativity. To our knowledge the latter two, Xjkl and
Yjkl, have not previously been considered in the literature.
However, they are needed to construct the contributions to
the O!3"metric arising from general leading-order Lorentz
violation.

A ‘‘superpotential’’ ! defined by

 ! # $G
Z
d3x0"! ~x0; t"R (29)

is also used in the literature [30]. It obeys the identities

 @j@k! # Ujk $ #jkU; @0@j! # Vj $Wj: (30)

In the present context, it is convenient to introduce two
additional superpotentials. We define

 !j # G
Z
d3x0"! ~x0; t"vj! ~x0; t"R (31)

and

  # G
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d3x0"! ~x0; t"vj! ~x0; t"RjR: (32)

These obey several useful identities including, for ex-
ample,
 

@j@k!l # #jkVl $ Xljk;
@j@k@l # 3#!jkVl" $ 3#!jkWl" $ 3X!jkl" % 3Yjkl:

(33)

In the latter equation, the parentheses denote total symmet-
rization with a factor of 1=3.

In presenting the post-Newtonian metric, it is necessary
to fix the gauge. In our context, it turns out that calculations
can be substantially simplified by imposing the following
gauge conditions:

 @jg0j # 1
2@0gjj; @jgjk # 1

2@k!gjj $ g00": (34)

It is understood that these conditions apply to O!3".
Although the conditions (34) appear superficially similar
to those of the standard harmonic gauge [32], the reader is
warned that in fact they differ at O!3".

With these considerations in place, direct calculation
now yields the post-Newtonian metric at O!3" in the
chosen gauge. The procedure is to break the effective
linearized equations (27) into temporal and spatial compo-
nents, and then to use the usual Einstein equations to
eliminate the pieces hE$% of the metric on the right-hand
side in favor of the potentials (28) in the chosen gauge,
keeping appropriate track of the post-Newtonian orders.
The resulting second-order differential equations for ~h$%
can be solved in terms of the potentials (27).

After some work, we find that the metric satisfying
Eqs. (26) and (27) can be written at this order as

 g00 # $1% 2U% 3!s00U% !sjkUjk $ 4!s0jVj %O!4";
(35)
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gjk # #jk % !2$ !s00"#jkU% !!slm#jk $ !sjl#mk $ !skl#jm

% 2!s00#jl#km"Ulm: (37)

Although they are unnecessary for a consistent O!3" ex-
pansion, the O!3" terms for g0j and the O!2" terms for gjk
are displayed explicitly because they are useful for part of
the analysis to follow. The O!4" symbol in the expression
for g00 serves as a reminder of the terms missing for a
complete expansion atO!4". Note that the metric potentials
for general relativity in the chosen gauge are recovered
upon setting all coefficients for Lorentz violation to zero,
as expected. Note also that a nonzero !uwould merely act to
scale the potentials in the above equations by an unobserv-
able factor !1% !u".

The properties of this metric under spacetime transfor-
mations are induced from those of the SME action. As
described in Sec. II A, two different kinds of spacetime
transformation can be considered: observer transforma-
tions and particle transformations. The SME is invariant
under observer transformations, while the coefficients for
Lorentz violation determine both the particle local Lorentz
violation and the particle diffeomorphism violation in the
theory. Since the SME includes all observer-invariant
sources of Lorentz violation, the O!3" post-Newtonian
metric of the minimal SME given in Eqs. (35)–(37) must
have the same observer symmetries as the O!3" post-
Newtonian metric of general relativity.

One relevant set of transformations under which the
metric of general relativity is covariant are the post-
Galilean transformations [33]. These generalize the
Galilean transformations under which Newtonian gravity
is covariant. They correspond to Lorentz transformations
in the asymptotically Minkowski regime. A post-Galilean
transformation can be regarded as the post-Newtonian
product of a global Lorentz transformation and a possible
gauge transformation applied to preserve the chosen post-
Newtonian gauge. Explicit calculation verifies that the
O!3" metric of the minimal SME is unchanged by an
observer global Lorentz transformation, up to an overall
gauge transformation and possible effects from O!4". This
suggests that the post-Newtonian metric of the minimal
SME indeed takes the same form (35)–(37) in all observer
frames related by post-Galilean transformations, as
expected.

In contrast, covariance of the minimal-SME metric
(35)–(37) fails under a particle post-Galilean transforma-
tion, despite the freedom to perform gauge transforma-
tions. This behavior can be traced to the invariance (as
opposed to covariance) of the coefficients for Lorentz
violation appearing in Eqs. (35)–(37) under a particle
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045001-8

general relativity. To our knowledge the latter two, Xjkl and
Yjkl, have not previously been considered in the literature.
However, they are needed to construct the contributions to
the O!3"metric arising from general leading-order Lorentz
violation.

A ‘‘superpotential’’ ! defined by

 ! # $G
Z
d3x0"! ~x0; t"R (29)

is also used in the literature [30]. It obeys the identities

 @j@k! # Ujk $ #jkU; @0@j! # Vj $Wj: (30)

In the present context, it is convenient to introduce two
additional superpotentials. We define

 !j # G
Z
d3x0"! ~x0; t"vj! ~x0; t"R (31)

and

  # G
Z
d3x0"! ~x0; t"vj! ~x0; t"RjR: (32)

These obey several useful identities including, for ex-
ample,
 

@j@k!l # #jkVl $ Xljk;
@j@k@l # 3#!jkVl" $ 3#!jkWl" $ 3X!jkl" % 3Yjkl:

(33)

In the latter equation, the parentheses denote total symmet-
rization with a factor of 1=3.

In presenting the post-Newtonian metric, it is necessary
to fix the gauge. In our context, it turns out that calculations
can be substantially simplified by imposing the following
gauge conditions:

 @jg0j # 1
2@0gjj; @jgjk # 1

2@k!gjj $ g00": (34)

It is understood that these conditions apply to O!3".
Although the conditions (34) appear superficially similar
to those of the standard harmonic gauge [32], the reader is
warned that in fact they differ at O!3".

With these considerations in place, direct calculation
now yields the post-Newtonian metric at O!3" in the
chosen gauge. The procedure is to break the effective
linearized equations (27) into temporal and spatial compo-
nents, and then to use the usual Einstein equations to
eliminate the pieces hE$% of the metric on the right-hand
side in favor of the potentials (28) in the chosen gauge,
keeping appropriate track of the post-Newtonian orders.
The resulting second-order differential equations for ~h$%
can be solved in terms of the potentials (27).

After some work, we find that the metric satisfying
Eqs. (26) and (27) can be written at this order as

 g00 # $1% 2U% 3!s00U% !sjkUjk $ 4!s0jVj %O!4";
(35)

 

g0j # $!s0jU$ !s0kUjk $ 7
2!1% 1

28!s00"Vj % 3
4!sjkVk

$ 1
2!1% 15

4 !s00"Wj % 5
4!sjkWk % 9

4!sklXklj $ 15
8 !sklXjkl

$ 3
8!sklYklj; (36)

 

gjk # #jk % !2$ !s00"#jkU% !!slm#jk $ !sjl#mk $ !skl#jm

% 2!s00#jl#km"Ulm: (37)

Although they are unnecessary for a consistent O!3" ex-
pansion, the O!3" terms for g0j and the O!2" terms for gjk
are displayed explicitly because they are useful for part of
the analysis to follow. The O!4" symbol in the expression
for g00 serves as a reminder of the terms missing for a
complete expansion atO!4". Note that the metric potentials
for general relativity in the chosen gauge are recovered
upon setting all coefficients for Lorentz violation to zero,
as expected. Note also that a nonzero !uwould merely act to
scale the potentials in the above equations by an unobserv-
able factor !1% !u".

The properties of this metric under spacetime transfor-
mations are induced from those of the SME action. As
described in Sec. II A, two different kinds of spacetime
transformation can be considered: observer transforma-
tions and particle transformations. The SME is invariant
under observer transformations, while the coefficients for
Lorentz violation determine both the particle local Lorentz
violation and the particle diffeomorphism violation in the
theory. Since the SME includes all observer-invariant
sources of Lorentz violation, the O!3" post-Newtonian
metric of the minimal SME given in Eqs. (35)–(37) must
have the same observer symmetries as the O!3" post-
Newtonian metric of general relativity.

One relevant set of transformations under which the
metric of general relativity is covariant are the post-
Galilean transformations [33]. These generalize the
Galilean transformations under which Newtonian gravity
is covariant. They correspond to Lorentz transformations
in the asymptotically Minkowski regime. A post-Galilean
transformation can be regarded as the post-Newtonian
product of a global Lorentz transformation and a possible
gauge transformation applied to preserve the chosen post-
Newtonian gauge. Explicit calculation verifies that the
O!3" metric of the minimal SME is unchanged by an
observer global Lorentz transformation, up to an overall
gauge transformation and possible effects from O!4". This
suggests that the post-Newtonian metric of the minimal
SME indeed takes the same form (35)–(37) in all observer
frames related by post-Galilean transformations, as
expected.

In contrast, covariance of the minimal-SME metric
(35)–(37) fails under a particle post-Galilean transforma-
tion, despite the freedom to perform gauge transforma-
tions. This behavior can be traced to the invariance (as
opposed to covariance) of the coefficients for Lorentz
violation appearing in Eqs. (35)–(37) under a particle
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general relativity. To our knowledge the latter two, Xjkl and
Yjkl, have not previously been considered in the literature.
However, they are needed to construct the contributions to
the O!3"metric arising from general leading-order Lorentz
violation.

A ‘‘superpotential’’ ! defined by
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is also used in the literature [30]. It obeys the identities
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In the present context, it is convenient to introduce two
additional superpotentials. We define

 !j # G
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d3x0"! ~x0; t"vj! ~x0; t"R (31)

and

  # G
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d3x0"! ~x0; t"vj! ~x0; t"RjR: (32)

These obey several useful identities including, for ex-
ample,
 

@j@k!l # #jkVl $ Xljk;
@j@k@l # 3#!jkVl" $ 3#!jkWl" $ 3X!jkl" % 3Yjkl:

(33)

In the latter equation, the parentheses denote total symmet-
rization with a factor of 1=3.

In presenting the post-Newtonian metric, it is necessary
to fix the gauge. In our context, it turns out that calculations
can be substantially simplified by imposing the following
gauge conditions:

 @jg0j # 1
2@0gjj; @jgjk # 1

2@k!gjj $ g00": (34)

It is understood that these conditions apply to O!3".
Although the conditions (34) appear superficially similar
to those of the standard harmonic gauge [32], the reader is
warned that in fact they differ at O!3".

With these considerations in place, direct calculation
now yields the post-Newtonian metric at O!3" in the
chosen gauge. The procedure is to break the effective
linearized equations (27) into temporal and spatial compo-
nents, and then to use the usual Einstein equations to
eliminate the pieces hE$% of the metric on the right-hand
side in favor of the potentials (28) in the chosen gauge,
keeping appropriate track of the post-Newtonian orders.
The resulting second-order differential equations for ~h$%
can be solved in terms of the potentials (27).

After some work, we find that the metric satisfying
Eqs. (26) and (27) can be written at this order as

 g00 # $1% 2U% 3!s00U% !sjkUjk $ 4!s0jVj %O!4";
(35)

 

g0j # $!s0jU$ !s0kUjk $ 7
2!1% 1

28!s00"Vj % 3
4!sjkVk

$ 1
2!1% 15

4 !s00"Wj % 5
4!sjkWk % 9

4!sklXklj $ 15
8 !sklXjkl

$ 3
8!sklYklj; (36)

 

gjk # #jk % !2$ !s00"#jkU% !!slm#jk $ !sjl#mk $ !skl#jm

% 2!s00#jl#km"Ulm: (37)

Although they are unnecessary for a consistent O!3" ex-
pansion, the O!3" terms for g0j and the O!2" terms for gjk
are displayed explicitly because they are useful for part of
the analysis to follow. The O!4" symbol in the expression
for g00 serves as a reminder of the terms missing for a
complete expansion atO!4". Note that the metric potentials
for general relativity in the chosen gauge are recovered
upon setting all coefficients for Lorentz violation to zero,
as expected. Note also that a nonzero !uwould merely act to
scale the potentials in the above equations by an unobserv-
able factor !1% !u".

The properties of this metric under spacetime transfor-
mations are induced from those of the SME action. As
described in Sec. II A, two different kinds of spacetime
transformation can be considered: observer transforma-
tions and particle transformations. The SME is invariant
under observer transformations, while the coefficients for
Lorentz violation determine both the particle local Lorentz
violation and the particle diffeomorphism violation in the
theory. Since the SME includes all observer-invariant
sources of Lorentz violation, the O!3" post-Newtonian
metric of the minimal SME given in Eqs. (35)–(37) must
have the same observer symmetries as the O!3" post-
Newtonian metric of general relativity.

One relevant set of transformations under which the
metric of general relativity is covariant are the post-
Galilean transformations [33]. These generalize the
Galilean transformations under which Newtonian gravity
is covariant. They correspond to Lorentz transformations
in the asymptotically Minkowski regime. A post-Galilean
transformation can be regarded as the post-Newtonian
product of a global Lorentz transformation and a possible
gauge transformation applied to preserve the chosen post-
Newtonian gauge. Explicit calculation verifies that the
O!3" metric of the minimal SME is unchanged by an
observer global Lorentz transformation, up to an overall
gauge transformation and possible effects from O!4". This
suggests that the post-Newtonian metric of the minimal
SME indeed takes the same form (35)–(37) in all observer
frames related by post-Galilean transformations, as
expected.

In contrast, covariance of the minimal-SME metric
(35)–(37) fails under a particle post-Galilean transforma-
tion, despite the freedom to perform gauge transforma-
tions. This behavior can be traced to the invariance (as
opposed to covariance) of the coefficients for Lorentz
violation appearing in Eqs. (35)–(37) under a particle
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~R !" ! !"u
!" "!"s

!"; (27)

where it is understood that the terms on the right-hand side
are those of Eqs. (24) in the limit h!" ! hE!", so that only
terms at linear order in Lorentz violation are kept.

Equation (27) is the desired end product of the lineari-
zation process. It determines the leading corrections to
general relativity arising from Lorentz violation in a broad
class of theories. This includes any modified theory of
gravity that has an action with leading-order contributions
expressible in the form (5) and satisfying assumptions (i)–
(v). Note that the fields u, s!", t#$!" can be composite, as
occurs in the bumblebee examples discussed in Sec. IV.
Understanding the implications of Eq. (27) for the post-
Newtonian metric and for gravitational experiments is the
focus of the remainder of this work.

III. POST-NEWTONIAN EXPANSION

This section performs a post-Newtonian analysis of the
linearized effective Einstein equations (27) for the pure-
gravity sector of the minimal SME. We first present the
post-Newtonian metric that solves the equations. Next, the
equations of motion for a perfect fluid in this metric are
obtained. Applying them to a system of massive self-
gravitating bodies yields the leading-order acceleration
and the Lagrangian in the point-mass limit. Finally, a com-
parison of the post-Newtonian metric for the SME with
some other known post-Newtonian metrics is provided.

A. Metric

Following standard techniques [32], we expand the lin-
earized effective Einstein equations (26) and leading-order
corrections (27) in a post-Newtonian series. The relevant
expansion parameter is the typical small velocity "v of a
body within the dynamical system, which is taken to be
O#1$. The dominant contribution to the metric fluctuation
h!" is the Newtonian gravitational potential U. It is second
order, O#2$ ! "v2 % G "M="r, where "M is the typical body
mass and "r is the typical system distance. The source of the
gravitational field is taken to be a perfect fluid, and its
energy-momentum tensor is also expanded in a post-
Newtonian series. The dominant term is the mass density
%. The expansion for h!" begins at O#2$ because the
leading-order gravitational equation is the Poisson equa-
tion ~r2U ! &4&G%.

The focus of the present work is the dominant Lorentz-
violating effects. We therefore restrict attention to the
Newtonian O#2$ and sub-Newtonian O#3$ corrections in-
duced by Lorentz violation. For certain experimental ap-
plications, the O#4$ metric fluctuation h00 would in
principle be of interest, but deriving it requires solving
the sublinearized theory of Sec. II A and lies beyond the
scope of the present work.

As might be expected from the form of !"u
!" in Eq. (24),

which involves a factor "u multiplying the Ricci tensor, a
nonzero "u acts merely to scale the post-Newtonian metric
derived below. Moreover, since the vacuum value "u is a
scalar under particle Lorentz transformations and is also
constant in asymptotically inertial coordinates, it plays no
direct role in considerations of Lorentz violation. For
convenience and simplicity, we therefore set "u ! 0 in
what follows. However, no assumptions are made about
the sizes of the coefficients for Lorentz violation, other
than assuming they are sufficiently small to validate the
perturbation techniques adopted in Sec. II B. In terms of
the post-Newtonian bookkeeping, we treat the coefficients
for Lorentz violation asO#0$. This ensures that we keep all
possible Lorentz-violating corrections implied by the lin-
earized field Eqs. (23) at each post-Newtonian order
considered.

The choice of observer frame of reference affects the
coefficients for Lorentz violation and must therefore be
specified in discussions of physical effects. For immediate
purposes, it suffices to assume that the reference frame
chosen for the analysis is approximately asymptotically
inertial on the time scales relevant for any experiments.
In practice, this implies adopting a reference frame that is
comoving with respect to the dynamical system under
consideration. The issue of specifying the observer frame
of reference is revisited in more detail as needed in sub-
sequent sections.

As usual, the development of the post-Newtonian series
for the metric involves the introduction of certain poten-
tials for the perfect fluid [30]. For the pure-gravity sector of
the minimal SME taken at O#3$, we find that the following
potentials are required:
 

U ! G
Z
d3x0

%# ~x0; t$
R

;

Ujk ! G
Z
d3x0

%# ~x0; t$RjRk
R3 ;

Vj ! G
Z
d3x0

%# ~x0; t$vj# ~x0; t$
R

;

Wj ! G
Z
d3x0

%# ~x0; t$vk# ~x0; t$RkRj
R3 ;

Xjkl ! G
Z
d3x0

%# ~x0; t$vj# ~x0; t$RkRl
R3 ;

Yjkl ! G
Z
d3x0

%# ~x0; t$vm# ~x0; t$RmRjRkRl
R5 ;

(28)

where Rj ! xj & x0j and R ! j ~x& ~x0j with the euclidean
norm.

The potential U is the usual Newtonian gravitational
potential. In typical gauges, the potentials Vj, Wj occur
in the post-Newtonian expansion of general relativity,
where they control various gravitomagnetic effects. In
these gauges, the potentials Ujk, Xjkl, and Yjkl lie beyond
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Post-Newtonian expansion for the metric 

Potentials for a perfect fluid 

 Comparison  
 with PPN 



 For dim=4 terms: 

⇤a
b

⇠µ

T µ = eµaT
a

T a ! ⇤a
bT

b

T µ ! L⇠T
µ

L =
1

16⇡G
(R + L

LV

) + L
M

L
LV

= L(4)

LV

+ L(5)

LV

+ L(6)

LV

+ · · ·

L(4)

LV

= �uR + sµ⌫RT
µ⌫ + t�µ⌫C�µ⌫

L(5)

LV

= (k(5))↵���R
↵���

L(6)

LV

=
1

2
(k(6)

1

)↵����{D, D�}R↵���+(k(6)
2

)↵����µ⌫R
↵���R�µ⌫

L(4)

LV

= �ūR + s̄µ⌫RT
µ⌫ + t̄�µ⌫C�µ⌫

L(5)

LV

= (k̄(5))↵���R
↵���

absorb  
 in G 

no sensitivity found 
    (t puzzle) expts sensitive 

to these coeffs 
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Table S5. Maximal sensitivities for the gravity sector

d = 3 Coefficient Electron Proton Neutron

αaT 10−11 GeV 10−11 GeV 10−11 GeV

αaX 10−6 GeV 10−6 GeV 10−5 GeV

αaY 10−5 GeV 10−5 GeV 10−4 GeV

αaZ 10−5 GeV 10−5 GeV 10−4 GeV

d = 4 Coefficient Electron Proton Neutron

αeT 10−8 10−11 10−11

αeX 10−3 10−6 10−5

αeY 10−2 10−5 10−4

αeZ 10−2 10−5 10−4

Coefficient Sensitivity

sXY 10−10

sXZ 10−11

sY Z 10−11

sXX − sY Y 10−10

sXX + sY Y − 2sZZ 10−10

sTT 10−5

sTX 10−8

sTY 10−8

sTZ 10−8

⇒  bounds given with respect to  
   sun-centered celestial coords 

Experiments include 
→ binary pulsars 
→ lunar laser ranging  
→ atom interferometry 
→ cosmic rays 
→ Gravity Probe B  
→ solar system tests  



 For dim=5,6 terms: 

⇒  decomposition using spin-weighted  
     spherical harmonics 

other experiments with dim>4 
→ cosmic rays 
→ torsion pendula 
→ tungsten oscillators 

⇒  a variety of expt tests can be made as well 
e.g.,gravity wave event GW150914 places  
 limits on Lorentz-violating dispersion effects  

V.A. Kostelecký, M. Mewes / Physics Letters B 757 (2016) 510–514 513

Table 2
Constraints on coefficients for Lorentz violation.

d j Coefficient Constraint

5 0 |k(5)
(V )00| < 6 × 10−14 m

5 1 |k(5)
(V )10| < 4 × 10−14 m

|k(5)
(V )11| < 1 × 10−13 m

5 2 |k(5)
(V )20| < 3 × 10−14 m

|k(5)
(V )21| < 7 × 10−14 m

|k(5)
(V )22| < 4 × 10−13 m

5 3 |k(5)
(V )30| < 3 × 10−14 m

|k(5)
(V )31| < 4 × 10−14 m

|k(5)
(V )32| < 2 × 10−13 m

|k(5)
(V )33| < 1 × 10−12 m

6 4 |k(6)
(E)40|, |k(6)

(B)40| < 1 × 10−6 m2

|k(6)
(E)41|, |k(6)

(B)41| < 3 × 10−7 m2

|k(6)
(E)42|, |k(6)

(B)42| < 6 × 10−8 m2

|k(6)
(E)43|, |k(6)

(B)43| < 2 × 10−8 m2

|k(6)
(E)44|, |k(6)

(B)44| < 1 × 10−8 m2

the action leaves unaffected Newton’s law [24]. This fact under-
scores the added value of the discovery of gravitational waves in 
the context of studies of the foundations of relativistic gravity. The 
result (10) represents the first bound on all birefringent coeffi-
cients at d = 6 and is competitive with existing laboratory bounds 
[25–27].

Some insight into the implications of these bounds can be 
gained by deriving from them the constraint on each individual co-
efficient in turn, under the assumption that the other components 
vanish. The resulting estimated bounds on the modulus of each 
component of k(5)

(V ) jm , k(6)
(E) jm , and k(6)

(B) jm obtained for θ ≃ 160◦ , 
φ ≃ 120◦ are displayed in Table 2. Note that each entry thereby 
also represents constraints on the moduli of the real and imaginary 
parts of each component. This standard practice [3] is useful in 
comparing limits across different experiments and in constraining 
specific models. For example, models with rotation-invariant gravi-
tational Lorentz violation [46,47] can involve at most the spherical 
coefficients k(d)

(I) jm and k(d)
(V ) jm with jm = 00, for which it is con-

venient to define k̊(d)
(I) ≡ k(d)

(I)00/
√

4π and k̊(d)
(V ) ≡ k(d)

(V )00/
√

4π . The 
rotation-invariant limit of the dispersion relation (5) then takes the 
form

ω =
(
1 − k̊(4)

(I)

)
|p| ± k̊(5)

(V )ω
2

− k̊(6)
(I)ω

3 ± k̊(7)
(V )ω

4 − k̊(8)
(I)ω

5 ± . . . , (11)

and the first row of Table 2 constrains k̊(5)
(V ) . Note that the ± signs 

reflect the presence of birefringence and CPT violation for even 
powers of ω, and they are required to describe physics associated 
with an effective field theory [48]. Also, the isotropic frequency-
independent change in the speed of gravitational waves is gov-
erned by k̊(4)

(I) , which is related by s(4)
00 ≡ −2k(4)

(I)00 = −
√

16π k̊(4)
(I)

to the coefficient s(4)
00 constrained in Ref. [36].

In principle, methods related to the one adopted here could 
be used to obtain estimated constraints on other coefficients with 
d > 5, which are all associated with dispersive operators. The ap-
proach used above can be applied directly to k(d)

(E) jm , k(d)
(B) jm , and 

k(d)
(V ) jm , as these always control birefringent operators. For exam-

ple, it yields the approximate bounds |k(7)
(V ) jm| ∼< 1 × 10−2 m3. In 

contrast, no birefringence occurs for k(d)
(I) jm , so a dispersive analy-

sis for this type of Lorentz violation requires a somewhat different 
approach. One option might be to reverse-propagate the observed 
signal to the source while allowing for the presence of frequency-
dependent Lorentz violation, comparing the result to waveform 
templates for black-hole coalescence to extract constraints. The 
resulting limits on the coefficients k(d)

(I) jm for d = 6, 8 would be sig-
nificantly weaker than ones already deduced from the absence of 
gravitational Čerenkov radiation in cosmic rays [36]. Related tech-
niques are applicable to searches for a graviton mass and other 
nonbirefringent physics [49]. Note that dispersion limits of the 
type discussed here are particularly clean because they involve 
comparing the properties of two gravitational modes and hence lie 
entirely within the pure-gravity sector, whereas bounds from grav-
itational Čerenkov radiation involve comparative tests between the 
gravity and matter sectors. Indeed, gravitational Čerenkov radiation 
may even be forbidden for certain relative sizes of the coefficients 
for Lorentz violation for gravity and matter, which would obviate 
any bounds obtained via this technique. We also note in passing 
that the results in Ref. [36] are presented as limits on components 
of ŝµν

µν , but the analysis in fact bounds ς0 and hence k(d)
(I) jm , 

which contains pieces of both ŝµν
µν and k̂µν

µν .
In summary, this work uses the recent event GW150914 to con-

strain dispersive and birefringent effects associated with Lorentz 
violation in gravitational waves. The future detection of additional 
gravitational-wave events will yield direct improvements on the 
limits obtained in this work. Moreover, the use of dispersion in-
formation from multiple astrophysical sources at different sky lo-
cations permits extraction of independent constraints on different 
coefficients, as has already been demonstrated for nonminimal co-
efficients in the photon and neutrino sectors of the SME [50,51]. 
Improved sensitivities can also be expected for gravitational waves 
of higher frequency, as might be emitted in a supernova core 
collapse. The prospects are evidently bright for future studies of 
foundational physical principles via measurements of gravitational-
wave properties.
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 dim=5,6 coeffs 



Conclusions

  SME provides a comprehensive theoretical framework for 
  testing local Lorentz symmetry in particle physics & gravity 

No violations of local Lorentz invariance observed to date 

è many SME coefficients remain unbounded  
è new & improved tests continue to be made 

  Comprehensive tables of expt bounds are maintained online 
           arXiv:0801.0287 (see version 9 for 2016)
 

⇒  extensive references for theoretical & experimental 
     papers can be found in the data tables as well 




