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Introduction

Einstein-Maxwell + A-term:

1 1
Rab — - Reab + Neab = FacFb" — ; 8abFeaF ™

@ “aligned case”: at least one PND of F is parallel to a
Debever!-Penrose vector

@ “doubly aligned case™ both real PND's of F are parallel to a
Debever-Penrose vector

@ “non-aligned case”: no PND's of F are parallel to a
Debever-Penrose vector
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Introduction

Goldberg-Sachs theorem (1962):

M (vacuum) algebraically special
—
M contains a shear-free geodesic null congruence

generalisation :

k shear-free, geodesic PND of F
=
k multiple Debever-Penrose vector

reverse?
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Introduction

Kundt-Triimper (1962:)

k PND of a non-null F and multiple Debever-Penrose vector
=
k(3Wy — 2|P1|2) = 0 and o(3W;, + 2|P1]%) = 0

hence

3
[K? + 1o # 0= type Tl or D with ZW = £[y]?
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Doubly aligned type D

0 2V, £ 40P = rk=v=0=A=0= ‘class D’
(Debever-McLenaghan 1981, Plebanhski Demianski 1976)

° %\Uz = |®1]? (0 = 0) = (Plebanski-Hacyan 1979) both k
and £ are shear-free, resp. non-geodesic and geodesic and
“double Kundt” (p=p=0); A <0

o 2W, = — || (k = 0) = (Garcia-Plebariski 1982) both k
and £ are geodesic, shearing and twisting, but non-expanding
(Ro=Ru=0); A <0

’What happens in the non-doubly aligned case?
[VdB, arXiv:1605.05830]
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Aligned multiple D-P vector with |k|? + |o|> # 0

K| +|o]® #0

1. Theorem:
multiple Debever-Penrose vector with o # 0 and PND of
non-null F = A < 0 = Garcia-Plebanski
(this corrects and generalizes Kozarzewski[Acta Phys. Pol. 27, 775,
1965]: p = +i|o| cannot easily be dismissed).

2. Theorem:
multiple Debever-Penrose vector with x # 0:
p = 0 (Kundt sub-family) = A < 0 = Plebanski-Hacyan
p # 0: open problem!
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Multiple Debever-Penrose vector with kK = o = 0

3. Theorem:

k multiple Debever-Penrose vector with Kk = ¢ = 0 and
k no PND of F = F non-nulland R=0

Choosing £ such that ®; = 0:
o m =0 = Griffiths 1986 (Il)

o 7= 0= Griffiths 1983 (I1)
e u =0 = Cahen-Spelkens 1967 (III)
e pv = 7A = Cahen-Leroy 1966 (N)

o T#0 = ?
4. Corollary:

type D with both Debever-Penrose vectors k and £
geodesic and shear-free (k =0 = A =v =0)
o A # 0 = doubly aligned = class D
] /\ = 0 — ? z/ UN%YEW
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GHP formalism

(Geroch, Held and Penrose, JMP 1973)
el,er,es,eqa=mm b kwithk-£=—-1m-m=1
Under boosts

k — Ak, £ — A"1¢

and spatial rotations
m— e’m

well-weighted variables 1 of weight [p, g] transform as

m ,'79

n— Az 7

(n has boost-weight = + and spin-weight = £59).
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GHP formalism

Basic variables:

k="T414, 7=T413, o0="T411, p="T412,
v="Tp3, m=1"I24, I=T3, p="a3,

(rabc = T pac = eavc(eb))y

oo, P22, Po1, P12, Po2, P11,
R, Wy, Wi, Wy, Vs Wy,
a, 3,¢,v get absorbed in P, P’, 8,0
bn =(D—pe—qé&)n
P'n = (A~py—q7)n
on = (6—pB—qa)n
a'n = (86— pa—qB)n e 0,
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GHP formalism

Symmetry transformations:

@ complex conjugation

@ prime transformation:

k< £,m <« m,

K> —V, T4 —T, 04—\ p—U,

O P joj, Vi Vy
@ Sachs transformation:
k— mt— mm-—k,im— £

* *

/% / 1% /
p =77 ==pp =T, T =P

GR21 Einstein-Maxwell fields

2

UNIVERSITET
GENT



GHP formalism

Basic equations:

@ 12 complex Ricci equations

Pr—Pr=(r—7)p+(F— 7)o + o1 + V1,
Op—0a=(p—p)T+ (7 — )k + Po1 — V1,
Po -0k = (p+p)o— (T + 7 )k + Vo,
bp— 0k = p? + 05 — kT — k7' + Doy,
b'o —dr =0p — A\p— 7% + ki — dgy,

1
P’p—5’7’:pﬁ’—)\a—Ter/w—\Uz—ﬁR
o Maxwell equations

Po; — 5"190 = 7Py + 2p¢1 — ks
bPo, — 6,(131 = A0y +27Py + p(Dz

7
~ UNIVERSITET
GENT

GR21 Einstein-Maxwell fields



@ 9 complex + 2 real Bianchi equations
@ commutator relations

e am
GENT
«O>» «F»r «=» 4 P NEa

it
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“doubly shearfree and geodesic = doubly aligned”

Define extension variables U, V:

P'dyg=U, ddg =V

Maxwell equations

pd)l :7T¢0—|-2p¢1 +V
5¢1 :,ud>0—|—27d>1—|—U
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“doubly shearfree and geodesic = doubly aligned”

GHP equations

Pp = p*+ |
Pr = p(T+7)+ PP

1
bu—or = 7T7_r—|—,uﬁ+ER—|—\U2

dp = 7(p—p)+ Py
or = 7'2—|—¢0¢T2
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“doubly shearfree and geodesic = doubly aligned”

Bianchi equations —-

bW, = 3pWy + 20 (pd; — 7®q) — Udy + Vb,
v, = 3TW2+2¢1(p@—TE)—UE+V@

and
®1Pdg — Byddg
B,pdy — D10D, =
hence
Pdy = 5dg =0
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“doubly shearfree and geodesic = doubly aligned”

Integrability conditions =

ov

bV
ou

bU

_ 1
(p = PIU — 200(|®1* — Wy + ppu + 22"
pV — 20y (pm + d1Pg)
TU — Qd)o(MT + ¢1$2)

1
(7_'('*27')\/+3pU*¢0(27’7T+2|¢1|2 *\U2+6R)

after which [P/, P]®, gives

1
¢0(W2—ER)+/)U—TVZO

the derivatives of which imply

Tq)oR:pq)oR :0
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