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Introduction

BH hair in scalar tensor (ST) theory

BH hair
No-hair theorem holds in many ST theories mass, charge, angular momentum

Brans-Dicke theory

L = L. %(8gb)2 — U(¢) (in Einstein frame)

2
Hawking (1972); Bekenstein (1996)......
Covariant Galileon

2 : _
LD (8¢) ¢> "o (spherically symmetric BHs)
Hui, Nicolis (2013)

and more...

However...
One consider shift-symmetric ST theory with time-dependent scalar field

sl BH solutions are found with non-trivial scalar hair
Bavichev, Charmousis(2014)



Bavichev, Charmousis(2014)

Dressing BH in shift-symmetric ST theory

Shift & reflection symmetry: ¢ — ¢ 4+ const., ¢ — —¢
¢ >0,n,0 : const

= [(R — n(0¢)° + BG"" 8,00, ¢ — 2]
Shift symmetry EOM for scalar A zzag::;gical
¢ — ¢ + const. mm—p V  JH = (

Jt = (ng"” — BG"")0, ¢
Assumptlons in Bavu:hev and Charmoums paper

dr? +r2dﬂ2 static and spherlcal symmetric |

B(T’) .~
J" =0 ====p- CurrentJ* = J,J*regular at the horizon

(r) ==3 Space-time is staticin |
shift-symmetric theory |




Bavichev, Charmousis(2014)

Dressing BH in shift-symmetric ST theory
Shift & reflection symmetry: ¢ — ¢ + const., ¢ — —¢

— [CR - 77(8¢)2 T 5GW/8:““¢8V¢ B QA] ¢ >0,n,0 : const

A : cosmological

does not contain bare ¢ constant

contains derivative term9,¢
-3 Time dependence term dose not appear in the theory.

(* We are not afrald that value of scalar fleld is unbound )

dr? +r2dﬂ2 static and spherlcal symmetric |

B(T)

J" = 0 === Current.j? — J,J* regular at the horizon 4
(r) == Space-time is static in fj
shift-symmetric theory |




Bavichev, Charmous is(2014)

Dressing BH in shift-symmetric ST theory

L =[CR—n(9¢)" + BG" 0,00, — 2A]  6(t,r) = qt +¥(7)

1
ds® = —A(r)dt® + dr? + r2dQ?

B(r)

Stealth Schwarzschild
A(r) — B(f,o) — 1 — H ( : const.

g T VI V]
¢i—qtj—QM{2\/;+lg\/;+\/ﬁ} - o
Self-tuned Schwarzschild-de-sitter

A) = By =1 -1+ 350" m Ao = =2 # A

This metric represent Schwarzschild BH in

the presence of cosmological constant.

We do not conceive huge bare A through the
metric.



Hairy BH solutions in the generalized theory

L =[CR—n(9¢)" + BG" 0,00, — 2A]  6(t,r) = qt +¥(7)

Stealth Schwarzschild
A(r) — B(f,o) — 1 — H ( : const.

g zr oo VI VI
¢i—qtj—QM{2\/;+lg\/;+\/ﬁ} - o
Self-tuned Schwarzschild-de-sitter

A) = By =1 -1+ 350" m Ao = =2 # A
Babichev, Charmousis(2014) can be generalized

L= Go(X) + Gu(X)R+ Gux [(0¢)% = (V. V,0)?]

Gux 1= X X = —%(5’@2 Kobayashi, Tanahashi(2014)

The most general 2nd-order theory with shift & reflection symmetries




Hairy BH solutions in the generalized theory

= [CR — n(09)? + BG*" 0,0, ¢ — 2A]  ¢(t, ) = qt +(r)

Many of found BHs are

. o X constant solutions

7 #A

Babichev, Charmousis(2014) can be generallzed
L=Go(X)+ Gy(X)R+ Gux [(08)" — (V,V,0)]

Guix 1= X X = —%(aqb)Q Kobayashi, Tanahashi(2014)

The most general 2nd-order theory with shift & reflection symmetries




Motivation

Stealth Schwarzschild sol and
Self-tuned Schwarzschild-de-sitter sol
are very interesting solutions.

How about stability of BHs?



.+ Hairy BH i
shift symmetric
Horndeski theories

HO, T. Kobayashi, T. Suyama
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BH perturbations with time-dependent scalar

1
B(r )d'r2 + r2d0?

EZGQ( )—I—G4 R—I—G4X V V,/¢ ds® = —A(r)dt® +

action 2nd-order in perturbations

¢(t7 7“) T qt T

Hamiltonian analysis

stability conditions



Setup

The most general 2nd-order theory with shift & reflection symmetries

L = Go(X) + G4(X)R + Gax [(O8)% — (V,V,0)?]
¢t r) =gt +9(r)  Gax = %

Perturbations can be written as following eqs (odd-parity)

Juv — gff,),) + h,uy ds* = —A(r)dt* + B0 dr? + r2d$>?
htt — 07 ht?“ — 07 h?“’)“ = O Eab —V detWGab
b . L .
hta — Z hO,lm (t, T)Eaba lem(ea 90) Yab two-dim metric on the sphere
l.m €ab Levi-Civita symbol

hra — Z hl,lm (t, T)Eababyvlm(ea 90)
[, m

hay = Y ho(t,7)[Ea®V eV Yim (8, 0) + EoVeVaYim (6, ©))
[, m

gauge fixed (Regge-Wheeler gauge)



BH perturbations with time-dependent scalar

L =Gy (X) + G4(X)R + Gux [(D¢)2 = (V,uvy¢)2} ds® = —A(r)dt® +
b(t,r) = qt +(r), X == —5 (067

action 2nd-order in perturbations

Quadratic Lagrangian

1
d2 QdQQ
B(r) rT4+r

: Oh; Oh;
20+ 1 Lo 2 r._ Y%
;7: £ =A1hg + Ashi + Ashohy i = ot ’ hi = or
+ 4 (h% b 4+ B2 %hh)
A l(l =+ 1)(T2A2BA/G4 — 2q2T2ABA/G4X e
1 J—

A5/2 B1/2
A1,A5, A3, Ay D A(r), B(r), G2, Gy, - -




BH perturbations with time-dependent scalar

1
d2 QdQQ
B(r) rT4+r

L = GQ(X) -+ G4(X)R —+ G4X [(D¢)2 — (V,uv,/¢)2} : ds® = —A(r)dt2 +

1

o(t,r) = gt +9P(r), X = —-(99)’

If we solve the perturbations:--

20 + 1
2T

L2 =A1h2 + Ah? + Aghoh

. . 4 .
+ Ay (h% — 2Rl hy + h? + h0h1>

r
* variation with respect to i
. 4 .
[As(hg — h1)]" = Arho + Aghy + ;AShl

constraint equation, non dynamical i
we cannot solve straightforwardly the constraint



BH perturbations with time-dependent scalar

1
d2 QdQQ
B(r) rT4+r

L =Gy (X) + G4(X)R + Gux [(D¢)2 — (V,uvy¢)2} ds® = —A(r)dt® +
B(t,1) = gt + (1), X = —5(00)°

field redefinition

21

1
o L2 =A1h2 + Ah? + Aghoh

r
To remove non-dynamical /g
we introduce a new field X

/

2T r2

. . 4 .
A (hg oWl 4 B2+ h0h1>

] | . _
+ Az | —x° + 2x <h1 — hy + ;ho> + Aghohy




BH perturbations with time-dependent scalar

1
d2 QdQ2
B(r) rT4+r

L =Go(X)+ Gy(X)R+ Gax [(O¢)? — (V. Vu0)?] ds* =A@t +
B(t,1) = gt + (1), X = —5(00)°

field redefinition

A /
2L+ 1£(2) = (A1 2(r4) > hg + Aghj

2T r2

_ | 5 _
I A3 _X2 + QX (hl — h6 I ;ho) I A4h0h1

 2r{2az[r(xas)’ + 2xas] + rxasas}
das[r2a; — 2 (rag)’] — r2a,42

ho =

. 4asx[r?a; — 2(ra3)’] + 2raqfr(xas)’ + 2asx]
1 p— .

das|r?a; — 2(rag)’| — r2a4?




BH perturbations with time-dependent scalar

1
d2 QdQ2
B(r) rT4+r

L= GQ(X) + G4(X)R + Gux [(D¢)2 — (VMVV¢)2} : ds® = —A(r)dt® +
B(t,1) = gt +(r), X =~ (967

Hamiltonian analysis

[(1+ 1)

| B
L2 = — (b1x? — bax? + bsxx’ — L1+ D)bax? — V(r)x?
9 (l—l)(l—l—Q) A( 1X oX = T 03XX (—I_ )4X (T)X)

= —
( )

oL
5%
1 Bl 1 A 1 °
H:— L= / /2 1 2
2/dm/A< b (\/B’/T ngx) +bax* + Il +1)bs + V] x

\

/

Hamiltonian must be positive define...

by >0, by >0, bs>0



BH perturbations with time-dependent scalar

1
dr? 4+ r2d0?

L = Go(X) + Ga(X)R+ Gux [((6)° = (V,uV,9)°] | a5 = —A0de* + 5

(t,r) = gt +(r), X == — (99)?

Stability conditions

by >0, by >0, 0b4>0

HZQ(G4—2XG4)() > ()




Application to sample solution

ST theory: £ = Gy(X) + G4(X)R + Gax [(

B(t,r) = gt +(r) X = —500° Gax =

0G4

—— ., ds® = —A(r)dt* +

X ’

Stealth sol, self-tuned de-sitter sol: X = const.

F=2|G,- LG,y

- const

G§=2|Gs —2XGyx +

- const

2

A

> 0,

¢

A

HZZ(G4—2XG4)() > (

const

Gaix

> 0,

$)> — (VuV.,9)°]

1
dr? + r2d0?
5" T



Application to sample solution

ST theory: L==GsX)+ Gy X)R+ Gyx [( ¢)? — (VMVV¢)2]

o(t,r) = qt + zp(r)7 X = —%(&b)Q Guax = % , ds? = —A(r)dt? + Bir) dr? + r2dQ?

Stealth sol, self-tuned de-sitter sol: X = const.

2

F =9 G4= G4X > 0, these terms are of
opposite sign

- const 2

g =2 G4—2XG4X“ AG4X >0,
- const

HZQ(G4—2XG4x) > (
const

FG ~ 4(q2G )2 0
~ — Z 4X <

near the horizon

X=const solutions are unstable



Summary

Hairy BH solutions in shift-symmetric ST theory
Very interesting solutions are found

BH stability conditions
We obtain stability conditions (Hamiltonian analysis)

F>0G>0H>0

Hairy BH are unstable due to time-dependent scalar

1
X = —5(8@2 =const. BH solutions are unstable



Back up slides




No-hair theorem

BH hair in scalar tensor (ST) theory

Brans-Dicke theory

L=~ 500~ U@

2
Hawking (1972); Bekenstein (1996)......

static, Einstein flame

standard scalar-tensor theory hold no-hair theorem
Conformally coupled scalar field

R 1 1
L= 0¢)° R
5~ 5(09)" — SR
BBMB solution Bocharova, et.al (1970)

static, spherical symmetric,
scalar is unbound



Bavichev, Charmous is(2014)

Hairy BH solutions

= [CR — n(09)? + BG*" 0,0, ¢ — 2A]  ¢(t, ) = qt +(r)

Stealth Schwarzschild

A(?“) — B(f,a) — 1 — K {4 = const.
r

o+ = qt £ qu :2\f+10 \\?_§ - ¢o

Metric is Schwarzschild metric, but
scalar field is non-trivial and regular at the horizon.

Consider Eddington-Finkelstein coordinates
v=t+ /(fh)_l/er

é ¢+:q{v—fr—|—2\//7—2,ulog <\/§—|—1>} + const



No-hair theorem

Covariant Galileon

L5 (06)*0, - -

Hui, Nicolis (2013)

static, spherically symmetric, asymptotically flat

There are two types of loopholes
Gauss-Bonnet combination
Sotiriou, Zhou (2014)

lineally time dependence
Bavichev, Charmousis(2014)



Regge-Wheeler-Zerilli eq

Regge-Wheeler-Zerilli eqs

O*F(t,r) B O*F(t,r)
ot? or?

+V(r)F(t,r) =0

F satisfied the boundary
right conditions

a oo
D 5/ -

F is decaying function or growing function
=) BH is stable or unstable

OF |*

+VI|F) + —

OF |*

o £12 .12
o = (| f1* +lgI*) < 0

We focus on short length mode perturbations
Our stability conditions is necessary condition...

but classically and quantum mechanically unstable



BH perturbations with time-dependent scalar

o(t,r) = gt +1(r), ds* = —A(r)dt* + B?r)er + r2d0)?

[({+1 | B , :
) — (l —(1)(l _|)_ 2) A (b1X2 — bzX/2 + bBXX/ — l(l T 1)b4X2 - V(T)X2)

we suppress |-factor

_ \/ {01X% = bax® + baxx’ — L1+ 1)ba+ V] x*}.

/dr\f{bl (\fﬂng) +b2x'2+[l(l+1)b4+V]X2}

kinetic and radial instability 5; >0, b, > 0.

To avoid
large [ instability 0, >0



[ — 1 mode: we rethink about gauge conditions

[ /B |
2T B ([ — 1)(1 T 2) Z(lez — bzXIQ + ngX’ — [([ + 1)b4X2 _ V(T)XQ)



Coefficients

1
dr? 4+ r2d0?

L =G2(X)+ Ga(X)R+ Gax [(O8)" — (V. Vu@)?]  ds* = —Andt* + 5

NN PP
X =~ (20)

21 + 1
LRy IC) =A1h2 + Ash? + Ashohy

2T

: : 4 .
+ As (h% — 2hhhy + i + Th0h1>

CU(l+1) | d B (1—1)(1+2)
A= r2 _dr (T\/;H>+ 2vAB ]:_7 }-:2< i )

Gy — qZGZLX
4y~ =D+ +2) VAB,, ,
2 — — Y
2 r2 g =2 (G4 —2XGyx + QZG4X> 7

I(l+1) /B

Az = 5 ZH, H:2(G4—2XG4)(),
(1—DI(I+1)(1+2) [B J = 2¢Gaxyf

Ay = p -



