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Introduction

History of black holes as particle colliders

R. Penrose, Gravitational Collapse: the Role of General Relativity,
Rivista del Nuovo Cimento, Numero Speziale, 252 (1969).

J. Bardeen, W. H. Press, S. A. Teukolsky, Rotating black holes:
Locally nonrotating frames, energy extraction, and scalar synchrotron
radiation, The Astrophysical Journal 178, 347-370 (1972).

T. Piran, J. Shaham, J. Katz, High efficiency of the Penrose
mechanism for particle collisions, The Astrophysical Journal Letters
196, L107-L108 (1975).

M. Bañados, J. Silk, S. M. West, Kerr Black Holes as Particle
Accelerators to Arbitrarily High Energy, Physical Review Letters 103,
111102 (2009).

. . . and then dozens of others. . .
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Introduction Black holes and test particle motion

Canonical review

General axially symmetric stationary metric as a model of an isolated
black hole

g = −N2 dt2 + gϕϕ (dϕ− ω dt)2 + grr dr2 + gϑϑ dϑ2

Electromagnetic potential and generalised electrostatic potential φ

A = At dt + Aϕ dϕ = −φdt + Aϕ (dϕ− ω dt)

Canonical formalism (analogous to classical mechanics) for motion of
a test particle with charge q = mq̃

L =
1
2

mgµνuµuν + qAµuµ Πα =
∂L

∂uα
= pα + qAα

Constants of motion and reduced (per unit rest mass) constants of
motion (ε, l) of a particle with rest mass m

−Πt = −pt − qAt = E = εm

Πϕ = pϕ + qAϕ = Lz = lm
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Introduction Black holes and test particle motion

First-order equations of motion

Two constants of motion give two first-order equations of motion

ut =
X

N2
uϕ =

ωX

N2
+

l − q̃Aϕ
gϕϕ

“Forwardness”
X ≡ ε− ωl − q̃φ > 0

Assuming “mirror symmetry” and initial conditions ϑ = π/2, uϑ = 0,
we can get the third equation from velocity normalisation

ur = ±

√√√√ 1
N2grr

[
X 2 − N2

(
1 +

(l − q̃Aϕ)
2

gϕϕ

)]
Effective potential (ε > V )

V = ωl + q̃φ+ N

√
1 +

(l − q̃Aϕ)
2

gϕϕ
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Introduction Particle collisions and critical particles

Centre-of-mass collision energy

In test particle approximation, let us consider two colliding particles
with rest masses m1,m2 and velocities uµ(1), u

µ
(2)

In a suitable frame connected with the instant of collision it holds

(ECM, 0, 0, 0) = m1u (1) + m2u (2)

We can “take a square” of this expression

E 2CM
2m1m2

=
m1

2m2
+

m2
2m1

− gµνuµ(1)u
ν
(2)

This defines an invariant called „Centre-of-mass collision energyÿ

One can investigate its behaviour depending on the selected curved
background, parameters of the particles and the point of collision
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Introduction Particle collisions and critical particles

Collision energy on the horizon and the critical condition

We can plug the first order EOM into the collision energy formula
Let us take the limit N → 0

E 2CM
2m1m2

∣∣∣∣
N=0

=
m1

2m2
+

m2
2m1

− (l1 − q̃1Aϕ) (l2 − q̃2Aϕ)

gϕϕ

∣∣∣∣
N=0

+

+
1
2

[
1 +

(l1 − q̃2Aϕ)
2

gϕϕ

]∣∣∣∣∣
N=0

X H
1

X H
2

+
1
2

[
1 +

(l1 − q̃1Aϕ)
2

gϕϕ

]∣∣∣∣∣
N=0

X H
2

X H
1

The limit is unbounded for so-called critical particle, with X H = 0
This can be understood as a restriction for energy

εcr = lωH + q̃φH = V |r=r+

O. B. Zaslavskii, Acceleration of particles as a universal property of
rotating black holes, Physical Review D 82, 083004 (2010).
O. B. Zaslavskii, Acceleration of particles by nonrotating charged
black holes? JETP Letters 92, 571-574 (2011).
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Kinematic restrictions on motion critical particles

Curves of the effective potential for Kerr black holes
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Kinematic restrictions on motion critical particles

When can critical particles reach the collision point?

As εcr = V |r+ , the effective potential must decrease in order for the
motion of critical particles towards r+ to be allowed: look at ∂V/∂r |r+
In the subextremal case the derivative is always infinite and positive,
so no critical particle can approach r+

For extremal black holes the derivative is finite and can have either
sign, depending on the BH model and the particle parameters q̃, l
Let us treat the condition

∂V
∂r

∣∣∣∣
r=r0

= 0

as a prescription of a curve in variables q̃, l
It is just a branch of the following hyperbola:{
l2
[(

∂ω
∂r

)2
Ñ2

− 1
gϕϕ

]
+ q̃2

[(
∂φ
∂r

)2
Ñ2

−
A2ϕ
gϕϕ

]
+ 2l q̃

(
∂ω
∂r

∂φ
∂r

Ñ2
+
Aϕ
gϕϕ

)}∣∣∣∣∣
r=r0,ϑ= π2

= 1
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Kinematic restrictions on motion critical particles

“Golden black hole”

Secção áurea, Estação Saldanha, Metropolitano de Lisboa
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Kinematic restrictions on motion critical particles

“Golden black hole”: M
2

Q2 = Q2
a2 = M

a =
√
5+1
2
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εcr =
2

εcr =
3

border (∂V/∂r |r0 = 0)
asymptotes
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critical energy lines

l = q̃ Aϕ|r=r0,ϑ= π2
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Kinematic restrictions on motion critical particles

Curves of the effective potential for “Golden black hole”
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Kinematic restrictions on motion critical particles

What about the second derivative?

When ∂V/∂r |r0 is small (or zero), the second order of Taylor expansion
can overweigh it easily
Thus, let us treat the condition

∂2V
∂r2

∣∣∣∣
r=r0

= 0

as a prescription of another curve in q̃, l and look for intersections. . .

However, this one is more complicated than a hyperbola branch. . .

l = −

λ
∂2φ
∂r2

√
1+

λ2A2ϕ
gϕϕ

+ 2 ∂ Ñ
∂r +

(
2 ∂ Ñ
∂r − Ñ

gϕϕ

∂gϕϕ

∂r + 2 ÑAϕ
∂Aϕ
∂r

)
λ2A2ϕ
gϕϕ(

∂2ω
∂r2 Aϕ + ∂2φ

∂r2

)√
1+

λ2A2ϕ
gϕϕ

+ 2Ñ λAϕ
gϕϕ

∂Aϕ
∂r

Aϕ


∣∣∣∣∣∣∣∣
r=r0,ϑ= π2

q̃ =
λ ∂

2ω
∂r2 Aϕ

√
1+

λ2A2ϕ
gϕϕ

− 2 ∂ Ñ
∂r −

(
2 ∂ Ñ
∂r − Ñ

gϕϕ

∂gϕϕ

∂r

)
λ2A2ϕ
gϕϕ(

∂2ω
∂r2 Aϕ + ∂2φ

∂r2

)√
1+

λ2A2ϕ
gϕϕ

+ 2Ñ λAϕ
gϕϕ

∂Aϕ
∂r

∣∣∣∣∣∣∣∣
r=r0,ϑ= π2
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Concluding remarks

Research article (almost) complete
Possible follow up: include strong external magnetic fields, utilising
the results of:
J. Bičák, FH, Near-horizon description of extremal magnetized
stationary black holes and Meissner effect, Phys. Rev. D 92, 104006
(2015).
These are closely related to the near-horizon limiting map and
non-uniqueness of its inverse discussed yesterday by J. Lucietti. . .

The work is/has been supported by:
GAUK (Charles University in Prague) grant No. 196516 “Black Holes
and Related Spacetimes in Four and Higher Dimensions”
FCT (Portugal) grant Bolsa de Investigação, reference
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GAUK (Charles University in Prague) grant No. 606412
GAČR (Czech republic) grant No. 14-37086G
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