
Asymptotics with Λ>0

Béatrice Bonga, Penn State

Work in collaboration with A. Asthekar and A. Kesavan
[PRD 2015 + PRL 2016]

July 11, 2016



Gravitational waves with Λ = 0

1916

Einstein predicts 

gravitational 

waves (GWs)

1960s

Bondi et al: 

“They are real!”

Today

Hot debate whether 

GWs are real

1974

Observation by 

Hulse and Taylor 

confirms this



Gravitational waves with Λ > 0

Open issues

I No Bondi news

I No ‘peeling’ theorem

I No positivity of energy

I No positive and negative frequency decomposition needed
for Hilbert spaces in quantum theory



Gravitational waves with Λ > 0

Open issues

I No Bondi news

I No ‘peeling’ theorem

I No positivity of energy

I No positive and negative frequency decomposition needed
for Hilbert spaces in quantum theory

I ... and no quadrupole formula!



Outline

1. Steps calculation in Minkowski space-time

2. Steps calculation in de Sitter space-time

3. Result



Linearization

One-parameter family of metrics

gµν(ε) = gµν(0) + εhµν + . . .

I For Minkowski: gµν(0) = ηµν

I For de Sitter: gµν(0) = a2(η)g̊µν with a(η) = − 1√
Λ/3η



Main ingredients

3 main ingredients
1. gauge fixed gravitational wave h̄µν

�h̄µν = 16πGTµν =⇒ h̄ij =
4G
r

∫
d3x ′Tij (t − r , x ′)

2. energy & power

Ht =
1

32πG

∫
d3x

(
ḣij ḣij − hij ḧij

)
Pt := LtHt =

∂

∂t
Ht

3. quadrupole moment & conservation of stress-energy
tensor

Qij :=

∫
d3x ρ xixj∫

d3xTij =
1
2

∫
d3xT̈00xixj =

1
2

Q̈ij
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Energy loss in Minkowski



Energy loss in Minkowski

Energy and power

Ht =
G
8π

∫
du
∫

dΣ2
...
QTT

ij (u)
...
Q ij

TT (u)

Pt =
G
8π

∫
dΣ2

...
QTT

ij (u)
...
Q ij

TT (u)

where Q̇ij = LtQij ,
TT=Transverse & Traceless



First ingredient: hab

gµν(ε) = a2(η) (g̊µν + εhµν + . . .)

i0

i−

I+

t = ∞, η = 0

I−

r
=
∞

t
=
−∞
, η

=
−∞

r
=

0
t =cons

t

r
=

c
o
n
s
t

Need late time expansion instead of 1/r expansion!



First ingredient: hab

ds2 = −dt2 + e2Ht
(
dx2 + dy2 + dz2

)
H2 = Λ

3

Gravitational field satisfies(
− ∂2

∂t2 + e−2HtD2 − 3H
∂

∂t

)
h̄ij = 16πG e−2HtTij

which has solutions in the late time regime [Vega, Ramirez, Sanchez; 1998]

h̄ij =
4G
r

∫
d3x ′ Tij (tr , x ′)−4GH

∫ tr

−∞
dt ′eHt′ ∂

∂t ′

∫
d3x ′ Tij (t ′, x ′)︸ ︷︷ ︸

tail term

+O
(

Do

`Λ
+

Do

d(t)

)
+O(v)

Assumptions

I D(t) ≤ Do � `Λ ≡ 1
H

I Do < d(t) (better for late times due to expansion)

I LT Tab is non-zero only for a finite time-interval
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Second ingredient: energy formula

Using the symplectic framework, the Hamiltonian associated
with de Sitter time translation is

HT = −1
2
ω(h,LT h)

=
1

16πGH

∫
d3I+ E ij

(
LT h̄TT

ij + 2H h̄TT
ij

)



Third ingredient: quadrupole moment I

Definition

Qij :=

∫
d3V︸ ︷︷ ︸

a3dxdydz

ρ︸︷︷︸
Tµν∂

µ
t ∂

ν
t

(a xi) (a xj)︸ ︷︷ ︸
physical distance

Interesting feature of de Sitter:

LT Tµν = 0 =⇒ LTρ = 0

=⇒ LT Qij =
���

���
���

��:0∫
d3V LTρ (axi) (axj)− 2HQij 6= 0
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Third ingredient: quadrupole moment II

Conservation of stress-energy tensor ∇̄µTµν = 0 is

∂tρ− e−HtDiT0i + 3H (ρ+ P) = 0

∂tT0i − DjTij + 3HT0i = 0

=⇒
∫

d3xTij =
1
2

∫
d3V

(
ρ̈+ 3He−Ht ρ̇+ 3H2e−2Htρ

)
(axi) (axj)

+
1
2

∫
d3V

(
He−Ht Ṗ + 3H2e−2HtP

)
(axi) (axj)
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1
2

∫
d3V

(
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+
1
2

∫
d3V

(
He−Ht Ṗ + 3H2e−2HtP

)
(axi) (axj)

∫
d3xTij = a−1

2

(
Q̈(ρ)

ij + 2HQ̇(ρ)
ij + HQ̇(P)

ij + 2H2Q(P)
ij

)



Energy

HT = G
8π

∫
d3I+

(
RabRTT

cd

)
ret q̊ac q̊bd

i+ (0,|~x|)

(−|~x|, 0)

i0

i−

η = const

r
=

co
n
st

η r
et
=

co
n
st

I+

I−

E+(i−)

Rab =
...
Q(ρ)

ab + 3HQ̈(ρ)
ab + 2H2Q̇(ρ)

ab + HQ̈(P)
ab + 3H2Q̇(P)

ab + 2H3Q(P)
ab



Properties energy

HT = G
8π

∫
d3I+

(
RabRTT

cd

)
ret q̊ac q̊bd

I Features information about energy density and pressure

I Recover result Minkowski in limit H → 0

I LT Tab = 0 =⇒ Q̇ab 6= 0 but HT = 0 (as it should!)

I Energy is positive



How does positivity arise?



How does positivity arise?



Conclusion & future work

PT = G
8π

∫
dΣ2

(
RabRTT

cd

)
ret q̊ac q̊bd

I Important for conceptual understanding: one step closer to
a complete framework of asymptotics with Λ > 0

I Observational consequences: replace de Sitter
background by a FLRW background with Λ > 0

I Any suggestions?

THANK YOU
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