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Motivation
How can General Relativity be used to study systems in the universe?

Astrophysics: Properties,
gravitational waves
Mathematical Physics:
Positivity of energy
Quantum theory:
Evaporation of black holes

In General Relativity space-time metric is dynamical.
No fixed, universal background structure =⇒ Symmetries and
fundamental conservation laws not guaranteed!

Einstein’s equations are second order and non-linear.
Exact solutions are rare, highly idealized.

Can we recover some structure for isolated systems?
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Asymptotics 101

Yes!

Key insight: [1] Far away from a gravitating source, space-time becomes
flat.

Asymptotically flat space-times [1]

1. Define isolated system. Supply boundary conditions.
2. Obtain asymptotic symmetries as diffeomorphisms which preserve

boundary conditions.
3. Find conserved quantities and conservation laws.

3.1. Characterization of gravitational radiation, and,
3.2. Well-defined notions of physical observables.

Missing: Tensorial expression for conserved quantities. We provide it.

[1] Arnowitt, Deser, Misner, Bondi, van der Burgh, Metzner, Sachs, Penrose, Geroch and others
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1. Asymptotically flat spacetime (Λ = 0)

A spacetime (M̂, ĝab) is asymptotically flat at null infinity [2] if ∃ a
manifold (M,gab) such that

1 Conformal completion: one can attach a boundary ‘at infinity’,
M̂ is an open submanifold of M with smooth boundary ∂M = I, ∃ a

smooth scalar field Ω on M such that gab = Ω2ĝab on M̂, and Ω = 0 &
dΩ 6= 0 on I,

2 Boundary conditions: at this boundary matter fields ‘fall-off
sufficiently fast’,
Ĝab = 8πG T̂ab where Ω−2T̂ab has a smooth limit to I. Ω−2 ∼ r−2

3 Topology of I is S2 × R. I is complete.
Examples: Minkowski, Kerr etc.

[2] Penrose, Geroch, ...
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2. Consequences

(i) I is Null.

nb := gab∇bΩ: normal to I
EE =⇒ n.n=̂0, qabnb=̂0.

i+

i0i0

i−

C1

C2

C1

C2

∆I+
∆I+

I−I−

(ii) ASG is the BMS group.
On I, conformal class (qab,na)
qab: intrinsic metric on I,
Asymptotic symmetries, ξa,
Lξqab = 2 k qab; Lξn =̂− k na

Bondi-Metzner-Sachs (BMS)
group ' ST n Lorentz
ST : Supertranslations
ξa = αna, Lnα = 0

General BMS field
ξa = α(θ, φ) na + va
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3.1. Gravitational radiation at I

Conformally-invariant part of curvature: Nab = Sab − ρab
Gravitational ‘News’ tensor contains radiative information.

Sab is the Schouten tensor of the derivative operator D on I
Rabc

d = Sc[aδb]
d + qc[aSb]

d

Sab has complicated conformal behaviour.

Unique symmetric tensor, ρab, s.t. [Geroch]

ρabnb = 0, ρabqab = R, D[aρb]c = 0
Same conformal transormation as Sab.

Nab = 0 reduces BMS to Poincaré group.
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3.2. Conservation Laws: Asymptotic Fluxes

Symmetries→ Conservation Laws

Every symmetry ξ is associated with
a Flux Fξ[∆I]

Time translation - energy, rotation -
angular momentum.

Asymptotic flux [Ashtekar and Streubel]

i+

i0i0

i−

C1

C2

C1

C2

∆I+
∆I+

I−I−

Fξ[∆I] =
1

2κ

∫
∆I

dV Ncd [(LξDa − DaLξ)`b + 2 `(aDb)k ] qac qbd

where κ = 8πG, `a is the null covector orth to na, `.n = −1, k = Daξ
b.
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3.2. Conservation Laws: Asymptotic Fluxes (contd.)

Can we rewrite the flux using Stoke’s theorem
as an integral of ‘time’ derivative of a charge?

Fξ[∆I] =

∫
∆I

dQξ = Q[C1]−Q[C2]

where Q[C1] =
∮

C1
Qξ is the instantaneous

charge.
Yes! [Wald and Zoupas]

i+

i0i0

i−

C1

C2

C1

C2

∆I+
∆I+

I−I−

Done for supertranslations [Geroch, Ashtekar and Streubel], extended to Lorentz
transformations [Dray and Streubel] but NP notation obscures tensorial
structure.

We propose a new charge expression.
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Charges of BMS symmetries

Qξ[C] = − 1
κ

∮
C

dS
[
{Kabc

d `a nc + (Rabc
d − R̊abc

d )q̄am q̄cnDm`n} ξb`d

−1
6

(Dpξ
p) (Da`b) (Dc`d ) q̄bd q̄cm

]
where Kabc

d = Ω−1Cabc
d , Rabc

d = Sc[aδb]
d + qc[aSb]

d ,
R̊abc

d = ρc[aδb]
d + +qc[aρb]

d

Salient features
Linear in BMS field.
Makes structure clear, conformally invariant.
Yields the Ashtekar-Streubel asymptotic flux.
Not tied to null tetrad defined in space-time. Agrees with Dray and
Streubel’s charge when one is chosen.
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Charge to flux I: Supertranslations

Supertranslations: ξa = αna; Lnα = 0

Main ingredients
Simplify Ashtekar-Streubel Flux
(LξDm − DmLξ)`n = ξc(qn[cSm]

d + Sn[cδm]
d )`d − `dDmDnξ

d

Fξ[∆I] =
1
κ

∫
∆I

d3V
[1

4
αNac q̄am q̄cn Smn +

1
2

Nac q̄am q̄cn DmDnα
]

Goal: Fξ ≡
∫

‘Time derivative’ of new charge∫
∆I
LnQ =

1
κ

∫
∆I

d3V Ln[αKabcd`
anb`cnd − 1

2
αNac (Dm`n) q̄am q̄cn]
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Charge to flux I: Supertranslations (contd.)

Fξ[∆I] =
1
κ

∫
∆I

d3V
[1

4
αNac q̄am q̄cn Smn +

1
2

Nac q̄am q̄cn DmDnα
]

∫
∆I
LnQ =

1
κ

∫
∆I

d3V Ln[αKabcd`
anb`cnd − 1

2
αNac (Dm`n) q̄am q̄cn]

Bianchi identities

Ln(Kabcd`
anb`cnd ) =̂ q̄fd∇f Kabcdna`bnc

LnDm`n =̂ −1
2

[qmnSc
dnc`d + (n.`)Smn]

LnNac =̂ −2Kracsnr ns

Using Bianchi identitities and Integration By Parts, the two match!

Fξ[∆I] = Qξ[C1]−Qξ[C2]
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Charge to flux II: Lorentz transformations

Lorentz transformations: ξa = va

Main ingredients:
Simplify Ashtekar-Streubel Flux
Bianchi identitites, Integration By Parts

Fξ[∆I]−
∫

∆I
LnQξ

=

∫
∆I

dV
[
(DaDbk +

1
2
Lhρab)Dc`d q̄ac q̄bd

]
where Lξqab = 2 k qab.
Trace-free symmetric part of DaDbk + 1

2Lvρab is zero for a BMS
field.

Fξ[∆I] = Qξ[C1]−Qξ[C2]
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Summary

New tensorial expression for general BMS field on arbitrary
cross-section of I.
Linear in BMS field.
Yields the Ashtekar-Streubel Hamiltonian flux, making role of
Bianchi identities more transparent. Two cross-sections must be
related by supertranslations.
Not tied to null tetrad defined in spacetime. Agrees with Dray and
Streubel’s charge when null tetrad is chosen. Reduces to
Geroch’s supermomentum for supertranslations.
Explore connections with charges of extended BMS
[Flanagan and Nichols, Strominger et. al., Campiglia and Laddha]

THANK YOU!
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